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ABSTRACT 
It is frequently the case that an infinite semi-direct 
product of the form 2 : N factored by a single relator 
gives a finite group, simple group or a sporadic simple 
group. The proof that a symmetric presentation gives a 
certain group is based on a manual double coset enumeration 
over N. Many of the smaller sporadic groups have been 
obtained for some large but not “too large” sporadic groups 
but only by single coset enumerations using computers. 
Other advantages of this manual double coset enumeration 
technique are to represent group elements in much more 
convenient shorter forms than their usual permutation 
pemneseneanione and to find nice permutation 
representations for groups. In this thesis we construct, 
by-hand, several groups, including U3(3) : 2, Le2(13), 
PGL2(11) and PGL2(7), represent their elements in the short 
form (symmetric representation) Sad produce their 


permutation representations. 
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CHAPTER ONE 


INTRODUCTION 


Rationale 

We are interested in symmetric presentations for 
finite simple groups only. It is essential to know that a 
group is indeed finite, else when attempting to construct a 
finite Cayley Graph we may need to give up on a particular 
group presentation without knowing whether or not it 
determines a finite group. It is necessary to factor the 
progenitor which is written as an infinite semi-direct 
product, by a non-trivial relation, else the order of the 
progenitor will be infinite. 

Double coset enumeration of G over N allows us to 
represent G as a group of permutations on the cosets of N. 
For example, the Janko group J; can be generated by 11 
involutions that are permuted, by conjugation within J;, by 
a subgroup isomorphic to L2(11). Hence, each element of Jj 
can be written as a permutation of L2(11) followed by a word 
of at most four seHevatons, 

It is the main purpose of this thesis to find 
homomorphic images of the infinite semi-direct product 


2°" : N, where 2" denotes m-copies of the cyclic group of 


order 2, and N acts transitively on the set Sr peneeaeang 
involutions of the factors in the free product. 

We will give algorithms for finding a symmetric 
representation for any element of G, and also for finding a 
permutation representation for any element of G whose 
symmetric representation is given. In this thesis we 
represent elements of various finite groups including the 


groups U3(3) : 2, Le(13), PGL2(11), and PGL2(7). 


Symmetric Generation of a Group 


Let G be a group and let T = {ti, te,. . ., ta} Cc G. 


Let T = (Tig Tan wow wp Tel yp where Ty = <ty>; ‘the cyclic 
subgroup generated by ty. 


Furthermore, define N = Ne(T), the set normalizer in G 


T is said to be a symmetric generating set for G iff 

(i) G = <T> 

(ii) N permutes T transitively. 
Conditions (i) and (ii) imply that G is a homomorphic image 
of 2 aN: 

N is a group of automorphisms of 2°™™ which permute by 
conjugation the m involutory symmetric generators. Hence, 


the elements of N can be gathered on the left, and every 


element of the progenitor can be represented as mw, where 
m € N and w is a word in the symmetric generators T. 
The progenitor ga EN isan Infinite group; “For 


example 2°4 : A, is an infinite group as illustrated below 


Looking at the double coset NtoN we can see that 


NtoN = {Nton | n € N} 


{Nnn ton | n € N} 


ll 


{Nnto” | n € N} 


{Nto” | ne N} 


{Ntnio) | n € N} 


= {Nto, Nti, Ntz, Nt3}. 


In order to obtain a finite homomorphic image of the 
progenitor, we need to factor by a non-trivial relation of 
the form nw, where n € N and w is a word in T. We will 


write presentations for the images of the groups we seek as 


EN 
TW, ++ TW 


r 


= <N,T|N,, t’, [t, N°], ,w, =...=aw,>, 


for r finite number of relations where N, denotes the 
presentation for the control group N and [t, N°] denotes the 
commutator of t and the stabilizer of 0 in N, N°. 
Furthermore, we are allowing i to stand for the 
symmetric generator ti, i.e. 0 denotes the symmetric 
generator to. By a slight abuse of notation we allow i to 
denote the single coset Nti, ij denote Ntit,; etc., i.e. 01 
denotes the single coset Ntoti. Also, we denote the double 
coset NwN, where w is a word in T, as [w], i.e. [0 1] 
denotes the double coset NtotiN. Where appropriate, such as 
in the labeling of the single cosets of N in G, we allow 
[w] to denote the see coset Nw, ee: [0 1] will denote 
the single coset Ntotj. 
To find a non-trivial relation we proceed as follows: 
(1) Use Curtis’ Lemma (see Curtis [2]) as described 


below, 


or 


(2) Look at the conjugacy classes of the control group 
N. We may use a relation of the form (nw)” and 
equate it to 1, where mn € N, w is a word in T, and 
n is a positive integer. 

For example, looking at the progenitor Oe -s Aa. we 


may factor by the relation [(0 1 OV 5] * = 1. 


Curtis’ Lemma: <ty, tj> A N < Cy(N4), 
where N*) is the point-wise stabilizer of {i, j}} in N. 
Proof: 
Let n = ti tj ti, qnexe ne <ti, tj> ON. 
Need to show that n é€ Cy (N*7). 
Let ¢ <e NY;, | 
Then n¥ = g ng 
Sg (ep cysts (since n = ty t3 ti) 
Sg? 5% te? 
= tg(iy tg(3) Eg(a) 
So by tates (since g € N*)) 


= The 


o 
Ha 
Q 
10] 
(e) 
a) 
Q 
| 
2) 


UNerefkore, ti, C5> NS Cy (N43). 

in like: mannér, <tj, ts, < « sp toa N = Gea 4), 

for k finite. 
In order to obtain the index of N in G we shall perform a 
manual double coset enumeration. Thus, we must find all 
the double cosets [w] and determine how many single cosets 
each of tinea contain. We shall know that we have completed 
the double Seeds enumeration when the set of right cosets 
obtained is closed under right multiplication. 
So we define 


N™ = {mn € N| Nwn = Nw}, and 


It 


Nn” {m1 € N| wn = nw}, for w a word in the symmetric 
generators. 

Clearly, NY < N™. Therefore, factoring the 
progenitor 2™ : N by a non-trivial relation will allow us 
to find the number of distinct single cosets in the double 
coset [w] = NwN. This HuNbeL is given by the index of N 
over the coset stabilizing group N‘™?, 

| N | 
| Ne 


i.e. [N : NM™] = 


since 


1 


Nwti # Nwto © Nwnti tm -# Nw 


© Th fs ~- n™ 


enn, 4 NM ny, 

Moreover, the conplerione see above is best performed 
by obtaining the orbits. of N™> on the symmetric generators. 
We need only identify, for each ‘el, the double coset to 
which Nwt; belongs for one symmetric generator t; from each 
orbit. 

Now, looking at the progenitor 2”? : As, we have 5 
copies of the cyclic group of order 2 extended by As, the 


alternating group on 5 letters. 


Oe 
Example: Consider G = —————=—,, where N = As. 
[CO 20) 


This is the progenitor 2”° : As factored by the 
relation [(0 1 Dela, where (0 1 2) represents the 


permutaion (5 1 2) of As, and to represents the involution 


ts. 


N = As can be generated by: 


x = (1 2 3) 
YS eS a) 
A be 2: Oi 
where |x| = lyl = Izl = 3, and (xey)? = (xez)? = (yez)? = 1. 


Also, stabilizing 0 in N yields: 


NS St Oe 8 iy Ue 2p aS eS Se 


The relation [(0 1 2)to]* may be written as (zet)4, and so 
presentation for the above image may be written as 
<x,y,Z,t| x*3, y%*3, 2%°3, (x*y)*2, (aR2)* 2; 
(y¥2)92, t92, (tex), (toy), (zt) 94>, 
where N = As = <x,y,Z| X%*%3, y%3, 2*3, (x*y)*2, (x*z)%2, 
(y*z)*2>. | 
Expanding the relation [(0 1 2)to]* = 1 yields: 
(O 1 2)totetityo = 1 
=> toti = (0 1 2) tote 
Conjugating (1) by (2 3 4) e€ N yields: 
Ntoti = Ntotz, 
and conjugating (1) by (2 4 3) é€ N yields: 
Ntot; = Ntotg. 
Therefore, Ntot1i = Ntotzg = Ntot3 = Ntotg. 
And so the double coset [0] contains five single cosets, 
namely, Ntop, Nti, Ntz, Nt3, and Nt,z. Meanwhile, the double 
coset [0 1] has 5 id = 20 single cosets. But since Ntoti 
has four names, then the double coset [0 1] only has 20/4 
5 distinct single cosets. 
Applying tz to (1) yields 


Ntotit2 Ntotat2 


Nto 


a 


= [0 22) = \[07s 

Similarivy,.. [O00 1-2]; = [0] for alka tm 10, 25.125. 3}. 
Applying ty to (1) yields: 

Ntotito = Ntote2to 

=> Ntotito = Ntotato = Ntot3to = Ntotato. 


019% 4s transitive 


But since the coset stabilizing group N' 
on ito, ti» tay Ca, “Cah, then. [0 1 0.9) -= [0 1] for. all-9 in 
{0O, 1, 2, 3, 4}. And so, the double coset [0 1 0] contains 


only one single coset. Therefore, we must have found all 


the double cosets as illustrated in Figure 1.1. 


Figure 1.1 Cayley Graph of S¢ over As. 


From the above Cayley Gras we can see that there are 12 
Single cosets, each of order 60. Thus, the order of G is 
given by 

DG lle = OU ae Bik Sa AL) 60 = 720 


Therefore, G = Se. 


Theorem 1: G# ———"™ « Da gaye LOS Me oy 


Proof: 

Expanding [(0 1 2)to]* = 1 yields: 

(O 1 2)totetito = 1 

= toti = (0 1.2) tote 

=> Ntoti = Ntoto2 

=> Ntoti = Ntot2 = Ntot3 = Ntotg = . . . = Ntotn-1. 

So the double cosets [0] and [0° 1] both contain n Single 
cosstse And: [0 2K) = [0] “£6r add ke an f1y 27a: ey OD} 3 


01% is transitive 


But, since the coset stabilizing group Nn! 
on {to, ti, to,- - «,tn-i}, then [0 1 0 mj] = [0 1] for all m 
in {0, 1, 2,. . .,;n-1}. And‘sd, the double coset [0 1 0] 


contains only one single coset. Therefore, we must have 


found all the double cosets as illustrated in Figure 1.2. 


Figure 1.2 Cayley Graph of Spa over A). 
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From the above Cayley Graph we can see that there are 
| 
2(n + 1) single cosets, each of order = Thus, the order 
of G is given by 
mm 
IGj = (1 +n +n + 1) > = Ane Dds 


Therefore, G = Snii. 


Definitions 

Below is a list of definitions that may be beneficial to 
the reader. 
G-Set. Let X be a set and G be a group, then X is a G~-set 
if there is a function 

a@:Gx xX > X, denoted by @(g,x) b gx, such that: 

(1) lx = x, for all x e€ X, and 

(2) g(hx) = (gh)x, for all g,h € G and x € X. 
Commutator. If a, b €.G, then the commutator of a and b is 
denoted by [a,b] = aba™‘b?. 
Complement. Let K be a subgroup of a group G. Thena 
subgroup Q < G is a complement of K in G if 


(19: 2K: One 1s and 


Free Group. If X is a set of a group F, then F is a free 


group with basis X if, for every group G and every function 


nie 


f: X — G, there exists a unique homomorphism 9: F > G 
extending f. 


K-Transitive. Let X be a G-set of degree n and let k < n 


be a positive integer, then X is k-transitive if, for every 
pair of k-tuples having distinct entries in X, say (x1, Xo, 
~, Xx) and (yi, Ya,- - -, Ye), there is a g € G such 

that gx; = yi for all iin {1, 2,. . ., k}. 
Semi-Direct Product. A group G is a semi-direct product of 
K by Q, if 

(1) K is a normal subgroup of G, and 

(2) K has a complement Qi = Q. 
Simple Group. A group is simple if its only normal 
subgroups are the group itself and the identity. 
Word. A word on X is a sequence w = (a1, a2,. . .,) where 


a € X U Daa © {1} for all i, such that all ay = 1 from 


some point on, i.e. there is an integer n 2 0 with ay = 1 
for all i <n. Particularly, the constant sequence 

(1, 1,...) is a word, denoted by 1, and called the empty 
word. 
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CHAPTER TWO 


SYMMETRIC REPRESENTAION OF L2(11) ELEMENTS 


Introduction 

In this chapter we will show that the group I2(11) is 
generated by 4 involutions which are permuted, by 
conjugation within L2(11), by a subgroup isomorphic to Ag, 
and that each element of Ly (11) can be written (not 
necessarily uniquely) as a permutation of A, on 4 letters 
followed by a word of length less than or equal to four in 
these generators. 
Factoring the progenitor 2** : A, by the following relations 

[(0 1 2)to]**, [(0 1) (2 3)to]°®, and [(0 1 2)tstetito]? 


yields the finite homomorphic image: 


O° 2B, 
HO aa, sO (aie, 100s Oper 


where the index of A, in G equals 55. G = I2(11), the 

projective special linear group. 

A symmetric presentation for the above image is given by: 
<x, y,t|x*3, Vr sg- (Gey) 2y EZ, Cay st), Ayr eyed, 
(x*y*t) “5, (yet (y2*x) *ED (yA2) HEAVY HE) 92> 


where N = Ay = <x,y|x*3, y*3, (x*Y)O2>, 


13 


and the action of x, y on the symmetric generators is given 


by 
x ~ (1 2 3) 
y~ (1 2 0). 
Double Coset Enumeration 
We want to write G as a union of double cosets of the 
form NxN. In other words, we want to find a set {xi, X2, 
Xa, ssa, Me}, for c finite number Gr elements of G such that 


G=Nx,N(J Nx,NUJ Nx,NU ...UJ Nx.N, nee rae on 
However, Since every element of G can be written as a 
‘permutation of N followed by a word w in the symmetric 
generators, we may write xi aS xi = Miwi, for mi € N and wi 
is a word in T, where wi; is the identity. 

Therefore, G may be written as 
G=Nz,w,N|J Nz,w,N|J Na,w,NU ...U Na.w.N 


=Nw,N|J Nw,NUJ Nw,NUJ ...U Nw.N 


=NU Nw.NU Nw.NU ...U Nw.N. 
The double coset [0] has 4 distinct single cosets, namely 
Nto, Nti, Ntz, and Nt3. Meanwhile, the double coset [0 1] 


contains 12 distinct single cosets. 
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Applying ti; to tot, yields: 

totiti = to 

> [0 1 i] = [0] fori= 1. 

Now, expanding the relation [(0 1) (2 3) tol? = 1 yields: 


(tg) = 1, where m = (0 1)(2 3) EN 


=> (0 1) (2 3) totitotity = 1 
=> (0 1) (2 3)totito = toti 
=> Ntotito = Ntoti. 


Therefore, [0 1 0] 


PO: cds 

The double coset [0 1 2] contains 12 distinct single 
cosets. 

Now, Ntotiteti may be written as 


Ntotytet, = Nto(1 2) (0 3) tite 


= Nt3tito, 
but Ntstite e [0 1 3] (since (Nt3tit2)" = Ntotit3, 
where nm = (0 2 3) € N). 
Therefore, [0 12 1] = [0 1 3]. 


Now, expanding the relation [(0 1 2\tstotitsl? = 2 yields: 
(nigtstityy° = Ly whete nm =.0-1 2) € nN 
aS a (eye eye cstt,)) = 1 


=> (0 1 2)t,t,tjt,t,tQt,t, = 1 


pine 


Sy tii Se (OSS yea. 4) 


So Were ee LO ee 


Stet. Sh Deets 12 


: 


' Therefore, Ntotitet3 = Nt3totet, = Ntyt3teto. 
Therefore, the double coset [0 1 2 3] has 4 distinct Single 
cosets, namely Ntotitoats, see tes, Ntot3tit2, and Ntytetot3, 
each with three names. 
Now, applying t; to (1) yields: 
totitetsti = (0 2 1) t3totetity 

= (0 2 1)t3tote2 
but t3tot2 € [0 1 2] (since (t3tot2)" = totite, 

where m = (3 0 2) EN). 

Therefore, [0 123 1] = [0 1 2]. 
However, since N'°??3) has orbits {2} and {0, 1, 3} then 
fO<b<2 By S60 2 ter sab aa {05.1 Shs 
Now, Ntotitet3t2 may be written as 
Ntotitet3te = Ntoti(3 2) (1 0) teat3 

= Ntitotet;3, 
but Ntitotet3 € [0 1 3 2] (since (Ntitot2t3)" = Ntotits3te, 

where m = (0 1)(2 3) EN). 


therefore). [0:-de 32: 53-2 )) = 10 2s 
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From (2) we have 

Dw Coes Sy et aye. 

=> (1 3 2)tstotits = tatsztote 

and 

Cee SC Cae: 

= [trtstgtap ie? = 1 (0 2 1) tatstytay 2)? 
=> t3totit3 = (2 0 3)totiteto 

=> (1 2 3)tet3tote = (2 0 3) totitaty 

=> (1 2) (0 3)tatzstot2 = totiteto 

Therefore, Ntotiteto = Nteot3tote. 

The double coset [0 1 2 0] contains 4 * 3¢ 2e¢e1= 12 


single cosets, but since Ntotitetp has two names, then the 


number of distinct single cosets in [0 1 2 0] = > = 6. 
So, applying tz to Ntotiteto = Ntot3tot2 yields: 
Ntotitatote = Nta2t3tota2te 
= Ntots3to, 
but Ntat3stp € [0 1 2] (since (Nt2t3to)" = Ntotit2, 
where n =-(0 2) (1 3) € N). 
Therefore, [0 1 2 0 2] = [0 1 2]. 


However, since N12? has orbits {0, 2} and {1, 3} then 


[0 1 2 0k] = [0 1 2] for all k in {0, 2}. 


aera 


Now, totytatot3 may be written as 


Cotitetot3 = to (0 2 3) Cet3toti 


Il 


(O 2 3) tetetstoti 


(0°2 3) t3totiy 
but t3toti € [0 1 3] (since (t3tot1)" = totits3, 
where m = (0 1 3) € N). 
Therefore, [0 1 2 0 3] = [0 1 3], which implies that 
[O-1-2- 0h) = [0 1 3]. for all -h-in {1, 3}. 
The double coset [0 1 3] contains 12 distinct single 
cosets. 
Now, Ntotit3t1 may be written as 
Ntotit3t, = Nto(1 3) (0 2)tits3 
= Ntotits, 
but Ntetit3 € [0 1 2] (since (Nt2t zt3)" = Ntotite, 
where m = (0 3 2) EN). 
Therefore, [0 13 1] = [0 1 2]. 
Conjugating (3) by (1 3) (2 0) yields: 
[eitetsen) Se Se LO 2 Tyegesegts ee 
=> tstotits = (2 0-3) totiteto, 
but t3totit3 € [0 1 3 0] (since (t3totit3)" = Ntotit3to, 
where m = (0 1 3) € N). 


PHSESrOre, 01 3) Oy): = POod2 0]: 6 
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From (2) we have 

EC tetees = Cl <2. Sy) ebb es 

> to(1l 3 2)titst2 = titet3to 

=> Ntotit3t2 = Ntitet3to 

=> (Ntotitstz) °°" = (Ntitetsto) ° *? 

=> Ntytet3to = Ntotot3t,. 

Therefore, Ntotit3te2 = Ntytet3t 9 = Ntotot3t1. 

Therefore, the double coset [0 1 3 2] has 4 distinct single 
cosets, namely Ntotit3t2, Ntotatit3, Ntot3teati, and Ntit3tot2, 
each with three names. 

Applying to to Ntotit3tz = Ntytet3t>o yields: 


Ntotit3teto = Ntitot3toto 


Ntite2t3, 
but Ntitet3 € [0 1 3] (since (Ntitz2t3)" = Ntotits, 
where m = (0 2 1) EN). 

Therefore, [0 13 2 0} = [0 1 3]. 
However, since N° +37) has orbits {3} and {0, 1, 2} then 
[O: Las: a ait hOr Ie Sy ton aL ke aman {Oy - La. 2 y. 
Now, Ntotit3t2t3 may be written as 
Ntoti,t3tet3 = Ntoti(2 3) (0 1)t3t2 

= Ntitot3to2, 


but Ntytot3t2 € [0 12 3] (since (Ntitot3t2)” = Ntotitet3, 
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where m = (0 1) (2 3) € N). 
Therefore, [0 1 3 2 3] = [0 1 2 3]. 
The set of all double cosets [w] = NwN, coset stabilizing 
subgroups N™, and bie nee Oe single cosets are 
exhibited in Table 2.1. The table shows that the Cayley 


Graph of G over N has the form as displayed in Figure 2.1. 


' 


Table 2.1 The Double Cosets [w] = NwN in G, 
Where N = A, 


: Number 
Reason of single 
cosets 


N is transitive 1 


ni? = <(123)> has orbits {0}, {1, 2, 3} 4 


Nee? 2 es Hae ero tbs: FO Tite TON So 
O1 = (01) (23)010 
[010]=[01] 


Not Sh Sees hae Ori te 40+ tity 42h. 3% 
1320 (123)0123 = (132)3013 = 2302, and 
1320 = (123)0123 = 1231 = (021)2302 
= 0190. 2 (12) (0352302. 
Nel eo) = 2102) (13).> ‘has orbits: {0,2}, (1.3) 
and for all i in {0,2} 

(Oro =T012) 


01203 = 0(023)2301 = (023)301 and (301)" 
= 013 where n = (301) EN 
[01203]=[013] 


0121 = (12) (03)312 and (312)" = 013, where 


mt = (230)e N 


(0121) — (013) 
[0122] = [01] 
[0123] wie +23) = <(031)> has orbits {2}, {0,1,3} 4 
and 0123 ~ 3021 ~ 1320 and for all j in 
1 Op. gh 3s 
[01934] = [012] 
01232 = 01(32) (10)23 = (32) (10)1023, and 
(1023)" = 0132, where m = (01) (23) e°N 
[01232] = [0132] 
[013] Ni? *.3) ooge> hae orbits {0}, 41}>. 420, 133 ule, 


[0133] = [01] 

O130.= (032) 2012 and {2012)" = 0120 where 
1 = (201) €.N 

[0130]=[0120] 


OLS) = 0 (si) 002) 1s = (Sly 02) 213 and: "(213)" 
= 012 where n = (320) EN 
[0131]=[012] 


[0132] NAS AY e102) Nas Orbits {3};- 12,03 4 
0132 ~ 2031 ~ 1230 and for all k in {1,2,0} 
[0132k]=[013] 


01323 = 
(1032)" 
[01323]=[0123] 


01(23) (01)32 = (23) (01)1032 and 
= 0123 where n = (01)(23) EN 


The Cayley graph of L2(11) over A, has as vertices the set 
of right cosets of N in G, i.e. the set Nwi, where w, are 
words in T. The diagram below illustrates each orbit of N 
in its action on the vertices by right multiplication which 


is represented by a single node, labeled with the number of 


2. 


vertices that it contains. Lines in between these nodes 
are labeled with integers to denote how many edges from a 


vertex of one node will lead to the vertices of the other. 


[0120] 


[0132] | [0123] 


Figure 2.1 Cayley Graph of L2(11) over A, 


At this point we can calculate the action of the four 
symmetric generators on the cosets of L2(11) over Ay. 
For example, in order to calculate this for the symmetric 


generator to, we start with the identity coset N or * and 
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then multiply on the right by to, in which the result is Nto 


or 0. We repeat this process again by multiplying on the 


right hand side once more by to, the result is Ntotyg = N. 


We then start with a new single coset and repeat the 


process in like manner. It should be mentioned that since 


the symmetric generators are involutions, then each 


symmetric generator will be expressed as a product of two- 


cycles. 


The action of the symmetric generators on the cosets of N 


in G is given by: 

Cor: C* -O)oC1L 0) (2 20) 4S -30)-(0T 010). (02 020): (03 030) 

(12 120) (13 130) (21 210) (23 230) (31 310) (32 320) 
(O12 0120) (023-0230) (031.0310) (103; L030) ¢132 1320) 
(201 2010) (213 2130) (302 3020) (321 3210) (013 0130) 
( ) ( 

( 


OZ) O2L0) (032; 0320) (123 1230) 42731. 23105 (Siz, 3120) 
1203: 12030) 

tee OE DOO 22 CS: SL Oe 2 Os Os On TOT) «28 ie) 
(LS. ASL) (20 ZOOL (23 23a) 030 SOL ts2- S21) (02 0121) 
(023 O23 150L03 -LOSL (120-1201) (132° -ba2t (23° 2231) 
(230.2301 )(302 3021) (310 S101): (032° 0321) (102 1021) 
(P23 L231) C130: 1301)(203: 2031) (320 3201) (0312: 03121) 


tee he 0 02) Cl Ty 00r 012) (03 G32) 410: (202) (rs. 132) 
(20° 202) (21.212) (23 232) (390 302) (31. 312) (025 0232) 
(OST O322).(203:°1032) C120. 1202) (202 2012) 4213-2132) 
(230: 2302) (310 3102) (321. 32125 (012: 0132) (130: 1302) 
(203° 2032) (210 2102) (231.2912) 4301 3012) ¢ 


Cae. ht 3) 00 08) Ch TS 2 23900) Ol sy 02 0235/10: 10s) (te 


G123° 01232) 


123) 


( 
(20-203) (2) 243) 430 BOS} (3) Slay (32 323). (012, 0123) 
(031-0313) (120.1203) (132 1323) (201 2013)(230 2303) 
(302 2023) (320) S103) 1321 S273) 021, OZ13)-(102> 1023) 
(210. 2105 P(S01 3013) (912-3123)- (320-3203) (0231 023513). 
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Now, we label the single cosets of N in G as follows: 


Single 
Label Coset 
55. [N] 28. [3 2 1] 

1. [1] 29. [0 1 3] 

2. [2] 30. [0 2 1] 

3%. 3) 31. [0 3 2] 

4. [0] 32. [1 0 2] 

5. [0 1] 83e. (M.-2. 37 

6. [0 2] 34. [1 3 0] 

7. [0 3] S24 iP2e>0.23) 

8. [1 0] 36. [2 1 0] 

9. [1 2] 37. [2 3 1] 
10. [1 3] 38. [3 0 1] 
11. [2 0] 39. [3 1 2] 
12. [2 1] 40. [3 2 0] 
13. [2 3] 41. [0 1 2 0] 
14. [3 Q] 42. [0 2 3 0] 
LS fee 2] 43. [0 3 1 0] 
16. [3 2] 44, [1 031] 
17. [0 1 2] 45. [1 3 2 1] 
18. [0 2 3] 46. [2 1 3 2] 
19. [0 3 1] 47. {0 1 2 3] 
20. [1 0 3] 48. [0 2 3 1] 
21. [1 2 0] 49. [0 3 1 2] 
22. [1 3 2] 50. [1 2 0 3] 
23. [2 0 1] Ble FO. dk:3 2) 
24. [2 1 3] 52. [0 2 1 3] 
25. [2 3 0] 53. [0 3 2 1] 
26. [3 0 2] 54> P3022] 
27. [3 1 0] 


Using the above labeling the four symmetric generators can 

be re-written as: 

to = (95; 4), 8) (2, 21) (3414) (94241) (10,34) (127-36) (13,25) 
(19,27) (16, 40)(17,41): (16,42) (19,43) (20,35) (22,47) 
(23,38) (24,48) (26,32) (28,49) (29,45) (30,46) (31,44) 
(33751) (37% 52)(395 53) (50,54) 


tai (oy 1) 44.59 (2512) Coy) 46,30) C1) 2S) (1 23) (S37) (aly 
38) (16,28) (17,39) (18,48) (20,44) (21,43) (22,45) (24,29) 


24 


(25,50) (26,47) (27,36) (31,53) (32,42) (33,41) (34,46) (35, 
51) (40,54) (49,52) 


te = (55,2) (4,6) (1,9) (3,16) (5,17) (7,31) (8,32) (10,22) (14,26) 
(15,39) (18,33) (19,49). (20,48) (21,40) (23,45) (24,46) (25, 


41) (27,50) (28,30) (29,51)'(34,54) (35,43) (36,44) (37, 42) 
(38,52) (47,53) 


£4= (9275) (oy el pO) 42 La AS 299.618) £8720) 49,338, C El yes) 

(12,24) (177479 (19,37) (21,50) (22,31) (23749) (25, 34)(26, 

46) (27,42) (28,44) (30,52) (32,53) (36,54) (38,41) (39,43) 

(40,45) (48,51). 

Representation of Elements of L2(11) 

Every element of L2(11) can be represented as aw, 
where w is a permutation of Ay, on 4 letters, and wis a 
product of at most four symmetric generators. 

In general, any element of G can be written as nw, 
where n € N and wis a word in T. We refer to this as a 
symmetric representation of an element of the group. An 
algorithm to find such is given below. 

Algorithm 

Let @ eG, 

then N* = Na@ (since the action is right multiplication) 
=> Ne = Ntit; (since G = <ti, tay. ep tin?) 
=> Nat jti = N 
=> @titi =n, for ne N 


> a@ = ntitj, a symmetric representation for a. 
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Next, we find the en of n s described eae on 
the set of symmetric Baaeatous (ee. Cotes th} And = 
we ae a symmetric representation for @. 

For example: 


bat @ = (1, 40;° 35) (2°33, '54)13, 30° 32) (4, 53, 38) (5; 21, 


for a eé L2(11),/.where @ is a permutation on 55 letters. 


U 
ol 
ol 
R 
i 


47 (Since N.is. labeled as 55. and 55 goes to 47 
under @) ie 


=> Na@ = Ntotitets (Since Ntotitet3 is labeled as 47) 
=> Natstetito = N- 

=> — atstgtits = n, ee Ay 

> a = ntotitet3, a symmetric representation for a. 
Now, what is an | 


Qt3totite = (1, 2, 4) (5, 9, 11) (6, By 2 107 1S(14y 15, 
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Therefore, the action of @t3te2tito on the symmetric 


generators is given by: 


Nti = 1 > 2 = Nt» 
Ntz = 2 > 4 = Nto 
Nt3 = 3 > 3 = Nt3 
Ntp = 4 % 1 = Nti 


>ne= (1 2 0). 
Therefore, a symmetric representation for @ is given by 


a = (1 2 O)totitet3, where (1 2 0) € Ay. 


Permutation Representation of an Element Whose 
Symmetric Representation Is Given 


Given a symmetric representation for any element of 
L2(11), we can easily recover its permutation representation 
on 55 lettters. An algorithm is given below. 

Algorithm 

Given a symmetric representation mw for any element £ € G, 
we need to find the action of m on each of the single 
cosets of N in G, in which we will denote the result by n. 
So a permutation representation for f# will be given by the 
product of n and the symmetric generators as given in the 


symmetric representation. 
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For example: 
Let B = 


element # é€ G. 


of the fifty-five single cosets of N = Ay in L2(11) 


by: 
Single 
Label Coset 
55. [N] 
1. [1] 
2. [2] 
36 [3] 
4. [0] 
Sar FOO 24 
6. [0 2] 
7. [0 3] 
8. [1 0] 
9. [1 2] 
10. [1 3] 
dds [207 
2. Zaz 
WS: 3. 3 E28 33] 
14. [3 0] 
15. [3 1] 
16. [3 2] 
17. [0 1 2] 
18. [0 2 3] 
19. [0 3 1] 
20.4 [LL 00: 3] 
21. [1 2 0] 
22- [Ll -3°2) 
23. [2 0 1] 
24. [2 1 3] 
253 [2.3 Ol 
26. [3 0 2] 
27. [3 1 0] 
28. [3 2 1] 
29. [0 1 3] 
30. [0 2 1] 
31. [0 3 2] 


Then the action of za = 


action Single 
under Coset Coset 
------ > [IN] = 55 
Sas ==5 > [ij =1 
Solntenienientae > [3] = 3 
-coccH > [2] = 2 
Santee > {[O] = 4 
Santana > [0 1] = 5 
------ > [0 3] =7 
------ > [0 2] = 6 
------ > {1 0] = 8 
Se5e== > {1 3] = 10 
------ > [1 2] = 9 
colentententenien > [3 0] = 14 
So5SS5 > [3 1] = 15 
------ > [3 2] = 16 
------ > [2 0] = 11 
tenet > [2 1] = 12 
Stennett > [2 3] = 13 
------ > [0 1 3] = 29 
------ > [0.-3°-2] “= 31 
sooo cH > [0 2 1] = 30 
<oeccH > [1 0 2] = 32 
------ > [1 3 0] = 34 
------ > {1 2 3] = 33 
-o---- > [3 01] = 38 
Sslnntententan > Ps 1 2), =-39 
=== > {3 2 0] = 40 
coc >> [200-3 =< 35 
“-o==5 > [2 1 0] = 36 
------ > [2 3 1] = 37 
=—===S > [0 1 2] = 17 
Soeatneenien > [0 3 1] = 19 
SSeS > [0 2 3] = 18 
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(2 C3) 


(2 3)titz2 be the symmetric representation of the 


€ N on each 


is given 


OTON AMNHAMNA YRrADOO 
rwrveeenr ev ONOOMOMO tT STW 

ONAMOr OMT W 
NANNANAANA AN HT Tot od ot bt bt bt bd dt dt dt bool 
Woo TR a a I Ie 
ODCooOAHA NAN TANNA MOA AM 
NON CTA HAMNONN TANNA YMA AON AMO 
ANODOHANDAMNHAMNNAN DA AANA NANA N 
AAMMMNNANTOCHFAAMODOCHAOCOCd 
NR KA A KRAKA KAA KAA KAA AKA KAAAAAAKRA 
belo iS a a De ae Ts SI he Ibo i OP sb? Ob ie 
Foro or f t Foro tr to bot to yo to bot bot tok od tlt 
Poet Rk ae eo ee CRO A ted ab bode SP ae We ue hed 
Ik) Sh cho a POR de We a ie Oe te ails ae A SI, Pd 
Po-3TS at Sb I pe tee ke cade oP ete Gye les I aes Te Bile iC aE tnd 
SD te Da De ae Te I ks ei a) To UI AI I Tes GE a UI 
TA rash eee a eee ee ae eo ee ee eo eo 
COVA ANNAN MNN YAN 

Coen ieee Bites Mite Bien ee Bile Bes 
NONYOMNDHAATANON MANN MYANN MYNADVDMN AN © 
ON MOAMNDHANANMOMNHAHANMYNNAN ANM™M 
AA ANNAN MMMODDOODOHAHANOVOCOCOA OOOH 
NOYFTMOOMONOHANMTNUMUOMADODOANM ss 
AYAMAMNMNNMONNON NAMA STs TFs IIT TOMO NOM NM 


Zo) 


1G) its 


Sd yCL ey, SO AZO) 2) (21 SA 225 S32) 235: SB) (24, 


(18, 


44) 


40) (26, 35) (27, 36) (28, 37) (41, 45) (42, 


39) (25, 


94). 


46) (47, 51) (48, 53) (49, 52) (50, 


(43, 


So, a permutation representation for # is given by 


39) 


30) (20, 32) (21, 34) (22, 33) (23, 38) (24, 


ol)y.(13; 


a0) (26y B9)427 > 30): (28% 37) (41). as) (4Z, 44) 143, 


(25, 


Shp (48) 33) CAS, S250, 254) tits 


46) (47, 


Ae) 


Proof of Isomorphism 
Double coset enumeration as displayed in Figure 2.1 shows 


that the group defined by the symmetric presentation 


contains a homomorphic image of N = A, to index at most 
| NI |N | |N | IN| |N| 
—_ + ———_- + OS $s ————_ 
| ji? | er | jn? | [Ne 
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IN| ‘ IN| i |N| 
(012 3) (0 1 3 2) (0 2 2 0} 
| N | | N | |N | 


=1 4+ 4 4+ 12 4+ 12 4.12. 4+-4 4 44 6 
= 59% 
As a result, the index of N in Gis at most 55. 
Therefore, the order of the image group G is at most 

55 * |N| = 55 © 12 = 660. 
Moreover, the action by right multiplication on the 55 
cosets is implicit in the enumeration, and we can easily 
verify that the image is the projective special linear 
group L2(11). 
Furthermore, the order of G can by confirmed by regarding G 
as a permutation group on the 55 -cosets that we have found. 
The action of x and y a the single cosets of N in G is 


given by: 


AB 


3997) SODAS 22%. Boy su, 3a, SIS, 39, 420). 43; 45) 
(42, 44, 46) (47, 50, 49) (52, 53, 54). 
As a result, the action of x and y on {to, ti, t2, t3} is 
given by: 
x: (ti, tz, ts) 
Ye Chap ap OCR) | 
We note that the order of the product x « y equals 2, and 
SO N = <x, y> = Ag. 
The action of the symmetric generator typ on the single 
cosets of N in Gis given by: 
oe Io PCL Pes. Ose TO) hey 11) (5, 12)(6,. 13).414, 31) 
(25, SC) (26, 33) CL7y S40-Cle,. SO (los 36) 0205: 40). (247 
ZONA 22) DOV eo; 08) (24, 45) (25, 47) (26, A) 2 48) 428 7 
47) (32% . 67) 135; 68) (37, 58) (39, 61) (42, 64) (43, 69) (44, 


66). (46,. 62) (49, 70) (51, 63) (92, 60).(53;, 59) (56, -57) (65, 


Now, we need to verify that our relations hold true in 
Lig LAs} 

Looking at our first relation we can see that 
tftrtotatitotatatotetato) (1, 55) (2, 12) (3, 15) (4, 5) (6, 30) (7, 19) 
(11, 23) (13, 37) (14, 38) (16, 28) (17, 39) 


(18, 48) (20, 44) (21, 43) (22, 45) (24, 29) 
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(2597. 20) (26% 47) (277. 30) (S15. 33) (32742) 


t,{atotetatotatitotatito) - (1, 9) (2, 55) (3, 16) (4, 6) (5, 17) (7, 31) 
1 


(29, 2L) 42 7,--90) (28, -30):(29,. 51) (34, 54) 


{atotatitotetitotatito) — (4, 8) (2, 11) (3, 14) (4, 55) (9, 21) (10, 


34) (12, 36) (13, 25) (15, 299 (167. 209.417, 


+ (trtotatitotetitotetito) _ 
3 


(19, 37) (21, 90) (22 34) 423.989) (25,.. 34) 
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Thus, titotatitotatitotetity acts as the permutation (0 1 2) on 
the symmetric generators, that is 
tytotgtitotetitotetito = (0 1 2) 
=> totitetotitz = (0 2 1L)tytotetito. 
Therefore, our first relation holds true in Le(11). 


Now, looking at our second relation, we can see that 


tyitotatotato) = (1, 55) (2, 12) (3, 15) (4, 5) (6, 30)(7, 19) (11, 
23) (13, 37) (14, 38) (16, 28) (17, 39) (18, 48) (20, 
44) (21, 43) (22, 45) (24, 29) (25, 50) (26, 47) (27, 
36) (31, 53) (32, 42) (33, 41) (34, 46) (35, 51) (40, 
54) (49, 52) 
Enis 
t,(otatotito) = (1, 8) (2, 11) (3, 14) (4, 55) (9, 21) (10, 34) (12, 
36) (13, 25) (15, 27) (16, 40) (17, 41) (18, 42) (19, 
43) (20, 35) (22, 47) (23, 38)(24, 48) (26, 32) (28, 
49) (29, 45) (30, 46) (31, 44) (33, 51) (37, 52) (39, 
53) (50, 54) 
Ses 
t(fotatofts) = (1, 10) (2, 13) (3, 55) (4, 7) (5, 29) (6, 18) (8, 20) 
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II 
ct 
Ww 


(totytotyty) _ 
t, = 


Thus, totitotito acts as the permutation (0 1) (2 3) on the 
symmetric generators, that is 
totitotito = (0 1) (2 3) 
=> totito = (0 1) (2 3)toti. 
Therefore, our second relation holds true in I2(11). 


Now, looking at our third relation we can see that: 


ty, ere a= (Tn “SSN (2 yn TAI Sy 1S )4,. 1 06, SO). 7 19) 11, 


£ (tgtptgtytgtgt, to) 
1 
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¢_(tatotetitstetito) 
2 


t{Pstotetitatatite) = (1, 10) (2, 13) (3, 55) (4, 7) (5, 29) (6, 18) (8, 
3 


Thus tstotatitstatito acts as the permutation (0 1 2) on the 
symmetric seyepar oes: ine Re | | 
tstotatitstetito = (0 1 2) 
> totitets = (0 2 1) tgtotetr. 


Therefore, our third relation holds true in L2(11). 
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The group L2(11) is generated by x, y, and to, and the 
relations hold true in L2(11). As a result, L2(11) is an 
image of G, therefore 
IG] 2 |L2(11)| = 660. 
But from previous we know that |G| < 660, and so 
IG] Ss 660 = |L2(11)| Ss IGI, 


which proves the isomorphism. Hence, G = Ie(11). 
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CHAPTER THREE 


SYMMETRIC REPRESENTAION OF PGL2(11) ELEMENTS 


Introduction 

In this chapter we will show that the group PGL2(11) is 
generated by 6 involutions which are permuted, by 
conjugation within PGL2(11), by a subgroup isomorphic to 
Le(5), and that each ee of PGL» (11) can be written (not 
necessarily uniquely) as a permutation of L2(5) on 6 letters 
followed by a word of length less than or equal to three in 
these generators. 
Factoring the progenitor 2*®© : Le(5) by the relation 

[O41 2 BS AyteT* 

yields the finite homomorphic image: 


2s ES) 
PO@:1.2°3 aye 


where the index of Il2(5) in G equals 22. G = PGI2(11), the 

projective general linear group. 

A symmetric presentation for the above image is given by: 
Ae RE Se SY OZ OES ee Cg. OP ZZ 
(t, (x°3)*((y*x)* (y*2*x*3*y)))}, (x*t)*4>, 


where N = 12(5) = <x,y|x*5, y%*3, (x*y)%2>, 
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and the action of x, y on the symmetric generators is given 
by 
oe COD SA) 


y~ (@ 0 1)(2 4 3). 


Double Coset Enumeration 
The double coset [0] contains 6 distinct single cosets, 
namely Nto, Nti, Nto, —_ Ntg, Nt.. 
Now, expanding the eotacaen (C00 12. Ss abel = A yields: 


(wto)4 = 1, where w = (0 123 4) EN 


= (0-4 3.2 1) CAE ty = 1 

SS) tay SS (0-4 3 2) EE. CL) 

=> Ntoti = Nt3t2 

Conjugating (1) by (0 ~)(1 4) EN 

=> tet, = (0 13 2 4) t3t2 

=> Nt.otyg = Nt3te 

Therefore, Ntoti = Nt3t2 = Nt.ty. 

The double coset [0 1] has 6 * 5 = 30 single cosets. But 


since Ntot; has three names, then the number of distinct 


30 
Single cosets in [0 1] = = = 10. 


ao 


Now, applying tz to Ntoti = Nt3t2 yields: 


Ntotito = Nt3te2t2 


= Nt3 
but t3 € [0] (since t3" = to, where mn = (0 3)(1 4) EN). 
Therefore, [0 1 2] = [0]. 


However, since N!°!) has orbits {1, 2, 4} and {0, 3, %}, 
then [0 1 i] = [0] for all iin {1l, 2, 4}. 
Now, Ntwjwt3t.e can be rewritten as 


Ntot3t. = Ntot3tetytytati 


= Nt~(4 1 - 3 O)tgti1 ( Since t3tetit, = (4 173 0) } 
= Nt3ty4ti 
= Ntitoti ( since Nt3t,q ma Ntito ), 


and also as 


Ntawt3t. = Ntot3tatotetety 


= Nt.(2 0 ~ 3 1)tato ( Since t3tetot2 = (2 0 ~ 3 1) ) 
= Ntstato 
= Ntotito ( since Nt3t2 = Ntot ) 

=> Ntotito = Ntitoti. 


=> Ntitjti = Ntjtit; for i, j in {0, 1, 2, 3, 4, «@}. 
Therefore, Nt.t3t. = Nt3t.t3. 


Furthermore Ntogt4at2 can be rewritten as 


Il 


Ntotate Ntatgtatototot.. 


lI 


Nt2(0 - 2 4 3)tot. ( since tytet.to = (0 ~ 2 4 3) ) 
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Ul 


Ntqtoto 


Ntat3t. ( since Ntatg = Ntet3 ). 
Therefore, Ntat3t. = Nt3t.t3 = Ntotito = Ntytot: = Nteatate 

= Ntgtoty. 
Therefore, the double coset [0 1 0] contains 6 * 5 = 30 


single cosets, but since Ntotitp has 6 names, then the 


number of distinct single cosets in [0 1 0] = — = 5. 


Furthermore, N‘? 1° 


is transitive, which means that it has 
orbit {0, 1, 2, 3, 4, ©}. As a result [0 1 0 4] = (0 1] 
for eli 2. 4070 EZ Sp Ap owe 
The set of all double cosets [w] = NwN, coset stabilizing 
subgroups N™, and the number of single cosets are 
exhibited in Table 3.1. The table shows that the Cayley 
Graph of G over N has the form as displayed in Figure 3.1. 
Table 3.1 The Double Cosets [w] = NwN in G, 

Where N = Lo(5) 
Number 


Reason of single 
cosets 


N is transitive 


N°) = <(14) (23), (1324")> has orbits 
(ly 2g. -397 4-3 


[O0J=[*] 
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[01] N°?) = <(24) (30), (12) (3”), (124) (3”0)> has 10 
orbits {1, 2, 4}, {0, 3, ~}, 01 ~ 32 ~ 64 
and for all iin {1, 2, 4} 


[01i]=[0] 

[010] ni0 2 = <(24) (30), (12) (340), (14) (203)> 5 
has orbit 40, 1, 2, 3, 4, @h-and. for all 4 
in {0, 1, 2, 3, 4, ot 

[010j3]=[01] 


The Cayley graph of PGl2(11) over I2(5) has as vertices the 
set of right cosets of N in G, i.e. the set Nwi, where wi 
are words in T. The diagram below illustrates each orbit 
of N in its action on the vertices by right multiplication 
which is represented by a single node, labeled with the 
number of vertices that it contains. Lines in between 
these nodes are labeled with integers to denote how many 
edges from a vertex of one node will lead to the vertices 


of the other. 


Figure 3.1 Cayley Graph of PGi2(11) over L2(5) 


At this point we can calculate the action of the six 


symmetric generators on the cosets of PGhl2(1i1) over Le(5). 
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The labeling used for the single cosets of N in G is given 


by: 
Single 
Label Coset 
22. [N] 

1. [1] 

2. [2] 

3. [3] 

4. [4] 

5. [0] 

6. [ao] 

Te PO. Ld 

8... PO°=2)] 

9, [0 3] 
10. [0 4] 
11. [0 «] 
12. [1 0] 
13% p22] 
14. [1 4] 
15. [2 0] 
16. [2 1} 
17. [0 1 3] 
18. [0 1 o] 
19. [0 2 3] 
20. [0 3 1] 
21. [0 3 2}. 


The action of the symmetric generators on the cosets of N 
in G is given by: 


to = (22,5) (1,12) (2,15) (3,14) (4,16) (6,13) (7,21) (8,20) (9,18) 
(20749) (ity Ee) 


ti = (22,1) (5,7) (2,16) (3,8) (4,15) (6,10) (9,20) (11,19) (12,21) 
(13,18) (14 p47) 


te = (22,2) (5,8) (1,13) (3,7) (4,11) (6,12) (9,21) (10,17) (14,19) 
(15720) (16,18) 


Ga: h227.3) (5e-9) tly) 2, 20) 44 13) 46, 26) £7241 7) 08 19) Cb2, 20) 
(14,18) (15,21) 
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by (22,4) (5,20) (1, 24y (2;9).13, 12) (6/7) (8,18) (11, 21) (13/20) 
(V57.07) (16,19) 


te = (22, 6) (5,11) (1,9) (2,14) (3,15) (4,8) (7,18) (10, 20) (12,19) 
(Loe hp (iG, 22). 


Representation of Elements of PGL2(11) 

Every element of PGL2(11) can be represented as 7w, 
where w is a permutation of I2(5), on 6 letters, and w is a 
product of at most Picateesusrrae generators. 

For example: 
Ti OP Se <E 1 Oy 0 oi AG kg a eg DO BO, a. ee by 
Loy 6p. Bye 18 -Lo,- Zl, 1h). 2h0)y 


for @ € PGL2(11), where a isa permutation on 22 letters. 


=> 227 = 20 (Since N is labeled as 22 and 22 goes to 20 
under @) 


= Na = Ntot3ti (Since Ntot3t; is labeled as 20) 
> Na@tit3to = N 

=> atitsto = n;, Lor n € L2(5) 

> aq = ntot3ti, a symmetric representation for a. 
Now, what is n? 


Oresto = Cl, Be Lop Fp Se d2n hie 22y 207. 14) (ee. 12a; oy 5, 


Therefore, the action of a@tit3t9 on the symmetric generators 
is given by: 
Nti = 1 
Nt2 = 2 
Nig =<3 


6 = Nt. 


are 
a 
> 
Nt, = 4 > 4 = Nty 
Ntp=5 > 

a 


Nt. = 6 5 = Nto 
Sn (273) (0: ce) 
Therefore, a symmetric representation for @ is given by 


a = (2 3) (0 m)topt3ti, where (2 3)(0 ©) € I2(5). 


Permutation Representation of an Element Whose 
Symmetric Representation Is Given 


Given a symmetric representation for any element of 
PGL2(11), we can easily recover its permutation 


representation on 22 lettters. 
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For example: 
Let B = (1 © 4 2 3)tateto be the symmetric representation 
of the element £ € G. Then the action of m = (1 © 4 2 3) 


€ N on each of the twenty two single cosets of N = L2(5) in 


PGL2(11) is given by: 


action 
Label Coset under m Coset Label 
22 = [N] 9 ------ 2 EIN. S22 
1 = [1] 9 ------ > [=] = 6 
2 = (2)  ------ > (sy =3 
3 = [3] ------ > tay St 
4 = [4]  ------ > (Pay, 2 
5 = [0] 9 ------ > POH) 5 
6 = [e] =--+--- > a4 
7 = [0 1] ------ Ss (0 -«) = 11 
8 = [0 2] ------ = fOr By =.<9 
9 = [0 3] ------ S (0. ty a7 
10 = [0 4] ------ S°.- fO 2) 38 
TD SLO: eel, vee aes > [0 4] = 10 
2ST Oy) -soeses eo eee Oe ae 
Lee 2). aaa aie AS SB aa 
14 = [Loa] See > [2 2] = 12 
15 = [2 0] ------ > ei), Sia 
Lover 2 20 2eeaes > [3 e] = 15 
CO i a MO eC eras >[O * 1] = 19 
18 = [0 1 #]------ >[0 - 4] = 21 
19 = [0 2 3]------ S (O31) =-20 
20 [0 3 1]------ >[0 1 ~] = 18 
21 = [0 3 2]------ >[0 13] = 17 


(Gee he Le (lO s. ZO Cl 2. oy tas. SE) Cee) 20 es. LS 


Proof of Isomorphism 
Double coset enumeration as displayed in Figure 3.1 shows 


that the group defined by the symmetric presentation 


contains a homomorphic image of N = L2(5)to index at most 
IN] 2 [N| 4 |N| n |N | 
PM NPE NERS ae 
60 60 60 60 
=— + — + — $+ 
60 10 6 12 


=1+6+10+ 5 

= 22. 

As a result, the index of N in G is at most 22. 

Therefore, the order of the image group G is at most 
22 © |N| = 22 ¢ 60 = 1320. 

Moreover, the action by right multiplication on the 22 


cosets is implicit in the enumeration, and we can easily 
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verify that the aiaeesbecane projective general linear 
group PGL2(11). 

Furthermore, the order of G can be confirmed by regarding G 
as a permutation group on the 22 cosets that we have found. 
The action of x and y on the single cosets of N in G is 


given by: 


As a result, the action of x and y on {to, ti, to, t3, ta, 
te} is given by: 

Be, “Ogg Tay tay hay Ta) 

Ve hey Cop Er) tee hae 3) 
The action of the symmetric generator tg on the single 
cosets of N in G is given by: 


tor. hee, he pz LS) (35 bate Le ey Clo, ey Vey 20) 


Now, we need to verify that our relation holds true in 
PGL2 (11) 


Looking at our relation we can see that 


(totytyt3) _ 


to (1, 14) (2, 9) (3, 12) (4, 22) (5, 10) (6, 7) (8, 18) 
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= 5 
tfrotatets) = (1, 12) (2, 15) (3, 
(8, 20) (9, 18) (10, 19) (11, 17) 
oe 
Cet Se (DOO 6) (85 
(140 29) Oe. Sty sy 18) a 17) 
Ss 4 
ty rotrtets) = (1, 13) (2, 22) (3, 
(10, 17) (14, 19) (15, 20) (16, 18) 
aes 
ee) ST 19,1 10) 3, 
(8, 19) (12, 20) (14, 18) (15, 21) 
oes 
¢{otrtets) = (1, 9) (2, 14) (3, 
(10, 20)(12, 19) (13, 17) (16, 21) 
= te. 
Thus, togtitet3 acts as the permutation (0 4 3 2 1) 


symmetric generators, 


that is 


Cotitet3 = (0 43 2 1) 


=> tToti = 


(0 4 3 2 1)t3te2. 
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on the 


Therefore, our relation holds true in PGL2(11). 
The group PGL2(11) is generated by x, y and tg, and the 
relation holds true in PGL2(11). As a result, PGL2(11) is 
an image of G, therefore 
|G| 2 |PGL2(11)| = 1320. 
But from previous we know that |G| < 1320, and so 
IG] s 1320 = |PGL2(11)| < IGI, 


which proves the isomorphism. Hence, G = PGl2(11). 
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CHAPTER FOUR 


SYMMETRIC REPRESENTAION OF PGL2(7) ELEMENTS 


Introduction 
In this chapter we will show that the group PGI2(7) is 
generated by 4 involutions which are permuted, by 
conjugation within PGL2(7), by a subgroup isomorphic to Ag, 
and that each element of PGhe2(7) can be written (not 
necessarily uniquely) as a permutation of A, on 4 letters 
followed by a word of length less than or equal to four in 
these generators. 
Factoring the progenitor 2*4 : A, by the following relations 
[(O 1 2)to]®, [(0 1) (2 3)tot2]*, and [(0 1) (2 3)tol® 
yields the finite homomorphic image: 


ae. 


ee tn a aS ee a 
[CO D2) tly [C0 1) (2° 3) 20,1 (O° 1) 42° 3) to] 


7 


where the index of A, in G equals 28. G = PGL2(7), the 

projective general linear group. 

A symmetric presentation for the above image is given by: 
xp ¥ pele or Soop LEW 2 ee ey fyb ey 
(x*¥y*t*t* (y*2))*3>, 


where N = Ag = <x,y/x%3, y%*3, (x*y)%*2>, 


Si 


and the action of x, y on the symmetric generators is given 
by 
Se8- Ce ee <3) 


pe ET 280) 


Double Coset Enumeration 
The double coset [0] has 4 distinct single cosets, namely 
Nto, Nti, Nteo, and Nt3. Meanwhile, the double coset [0 1] 
has 12 distinct single cosets, where N®?) has orbits {0}, 
{1}, {2}, and {3}. 
Now, expanding the relation [(0 1) (2 3) )tote]? = 1 yields: 


(mtot2)? = 1, where wm = (0 1)(2 3) EN 
=> AW (tyt,)” (tot, )"(tyt,) = 1 


=> (0 1) (2 3) totetitstot2 = 1 


=>|tetot3 = (0 1) (2 3) tot2ti (1) 


=> tot3t, = (0 1) (2 3) t3tote 
Sy [couse SLOT 23) agtges | 
=> totite = (0 2) (3 1) titot; 


> |Ntotite = Ntitot3. (2) 


The double coset [0 1 2] contains 4 * 3 = 12 single cosets. 
But since Ntoptit2 has two names, then the number of distinct 


: 12 
single cosets in [0 1 2] = ro = 6. 


Applying t3 to (2) yields: 


Ntotit2t3 =z Ntytot3t3 


= Ntito, 
but Ntito € [0 1] (since (Ntito)" = Ntoti, 
where m = (0 1)(2 3) E€ N). 
Therefore, [0 1 2 3] = [0 1]. 


However, since N'°?2) has orbits {O, 1} and {2, 3} then 
[0 1 2 i] = [0 1] for all i in {2, 3}. 
Now, totitet: can be written as 


tCotiteti = to (3 a 0) t3tet3 


(3 1 0) t3t3tet3 

= (3. dO} Gets, 
but tet3 e [0 1] (since (t2t3)" = toti, 

where m = (0 2) (1 3) N). 

Therefore, [0 1 2 1] = [0 1], which implies that [0 1 2 j] 
= [0 1] for all j in {0, 1}. 
Similarly, [0 1 2] = [0 1 3]. 
Now, Ntotito may be written as 


Ntotito 


Ntotitot3te2tet3 


Nto(O0 2) (1 3) totitats 


ll 


Ntatotitets; 


Nt3tits, 


and Ntotit2 may be written as 
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Ntoatyt2 = Ntotitet3totot3 
= Nt2 (0 2) (1 3) tatitots; 


= Ntotatitot3 


Nt3tit3. 
Therefore, Ntotyto = Nt3tit3 = Nteotito. 
The double coset [0 l 0] contains 4 ¢ 3 = 12 single cosets. 


But since Ntotitp has three names, then the number of 


12 


distinct single cosets in [0 1 0] = = 4, namely, Ntotito, 


Ntoteto, Ntot3to, and Nt3tot3, each with three names. 
Now, applying t3 to Ntotito = Nt3tit3 yields: 


Ntotitot3 = Nt3t ,t3t3 


= Ntsti; 
but Nt3ti e€ [0 1] (since (Nt3ti)" = Ntoti, 
where n = (0 2 3) E€ N). 
Therefore, [0 1 0 3] = [0 1]. 


However, since wi’? has orbits (1) end {0,. 2, 3}, then 
{0 1 0 k] = [0 1] for all k in {0, 2, 3}. 
Now, expanding the relation [(0 1) (2 3)to]® = 1 yields: 


(mto)® = 1, where n = (0 1)(2 3) EN 
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=> At)” (ty) (to) (tp) (tp) Cty)” (t (ty) = 1 


=> titotitotitotito = 1 


>] totitot, = tytotito. (3) 
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So, Ntotitot, = Ntitotito 
= Nti(4 3 2)totite 
= Ntjitetite 
= Nti(4 3 2) t3tit3 
= Ntit3tit3, 
and Ntotitot; = Ntitotito 
= Nt3tot3to 
= Ntatoteto 
= Nt2(0 1 3)t3tet3 
= Ntgtstet3. — 
Furthermore, 


Nt ytotito = Ntotitoti 


Nto(1 2 3) titot, 


ll 


Ntot3tot3 


= Nto(l 2 3) tetote 


= Ntota2tote2, 
and Ntitotito = Ntotitoti 
= Ntetitet, 
= Nt3tit3ti 


= Nt3(0 2 1) tot3t2 
= Nt3tatstoe. 
So, Ntotitoty, = Ntetytety = Nt3tit3ti = Ntotatot2 = Ntite2tit2 


Nt3totz3t2 = Ntot3tot3 = Ntit3tit3 


Ntot3tot3 a Ntitot to 


eh) 


Ntetotato = Ntztot3to. 
The double coset [0 1 0 1] contains 4 * 3 = 12 single 
cosets. But since Ntotitoti has twelve names as described 
above, then the number of distinct single cosets in the 
double coset [0 101] = 12/12 = 1. 
Furthermore, applying to to (3) yields: 


Eotitot ito = Ciloptitoto 


= CiCoti, 
but titoti € [0 1 0] (since (Ntitoti)™ = Ntotito, 
where m = (0 1)(2 3) € N). 
Therefore, [0 1010] = [0 1 0]. 


However, since N'0?°2) ee erbit<{0, 1, 2). 3), ‘then 
Or Or ae sat | POLO). or seek asin: C05. he 225-6 Babs 
The set of all double cosets [w] = NwN, coset stabilizing 
subgroups Nw), and the number of single cosets are 
exhibited in Table 4.1. The table shows that the Cayley 
Graph of G over N-has the form as displayed in Figure 4.1. 
Table 4.1 The Double Cosets [w] = NwN in G, 

Where N = A, 


Number 
Reason of single 


cosets 


sameness 


N is transitive 


[0] Wit) = <(123)>: has orbits 20), {1,: 2) 33 4 
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[01] N°?) = <e> has orbits {0}, {1}, {2}, {3} 


[012] Nit} 2) 2 £(01) (2375 has orbits {(0» 1}, 
{2, 3} 012 = (02) (13)103 and for all i in 
| f2ie 3) 
[012i]=[01] 


(031)231 and (231)" = 013 where 
(02) (13) Ee N 
[012]=[013] 


[010] wl? }% = <(230)> has orbits {1}, {0, 2, 3} 
010 ~ 313 ~ 212 and for all j in {0, 2, 3} 
[0105]=[01] 


[0101] wfo?e@2) = <(230), (123)> has orbit 
{0, 1, 2, 3} and for all k in {0, 1, 2, 3} 
[0101k]=[010] ; 


The Cayley graph of PGL2(7) over A, has as vertices the set 
of right cosets of N in G, i.e. the set Nwi, where w; are 
words in T. The diagram below illustrates each orbit of N 
in its action on the vertices by right multiplication which 
is represented by a single node, labeled with the number of 
vertices that it contains. Lines in between these nodes 
are labeled with integers to denote how many edges from a 
vertex of one node will lead to the vertices of the other. 
At this point we can calculate the action of the four 


symmetric generators on the cosets of PGl2(7) over Ag. 


D7 


{0101] 
Figure 4.1 Cayley Graph of PGL2(7) over A, 


The labeling used for the single cosets of N in G is given 


by: 
Single 
Label Coset 
28. [N] 
Tea “ie 


[0 2] 
[0 3] 
ee 
Be. AT 2) 
Oe. LAB] 
tis [2.0] 
ete. be, SL] 
LS ae, ee aoe 
14. [3 0] 
Loa ukS* sa 
Gee [387 2] 
Tie. Orsle 207 
Lom Oe Os 
195. [0 30] 
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Now N* = Nae 


U 
NO 
(ee) 
R 
II 
No 
W 


(Since N is labeled as 28 and 28 goes to 23 
under @) 


Na = Ntit3t2 (Since Ntit3tz2 is labeled as 23) 
N@tot3t; = N 


Qtet3t, = n, for n € Ag 


VJ Ui Y 


@ = ntit3t2, a symmetric representation for a. 
Now, what is n? 


Ohatety SiCl sy. Typ 26; 10, Lt, Sy 21, 13) (25: 7, 227 28-23; 


LS (Tp Op 20) C21 2355: 22) 124, 25 5:-26) 
Therefore, the action of @tot3ti on the symmetric generators 
is given by: 


Nti = 1 —> 3 = Nt3 


Nt2 2 > 2 = Nto 
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Nt3 = 3 > 4 = Nto 


Nto 45 1= Nt, 
> n= (13 0). 


Therefore, a symmetric representation for @ is given by 


a = (1 3 O)tits3te, where (1 3 0) e€ Ay. 


Permutation Representation of an Element Whose 
Symmetric Representation Is Given 


Given a symmetric representation for any element of 
PGL2(7), we can easily recover its permutation 
representation on 28 lettters. 

For example: 
Let B = (1 2 3)tetoti1 be the symmetric representation of the 
element £6 e€ G. Then the action of mw = (1 2 3) € N on each 


of the twenty eight single cosets of N = A, in PGl2(7) is 


given by: 
Single action Single 
Label Coset under 1 Coset Label 
28. ([N] 9 ------ > [N] = 28 
Ve (yo «Sss<s= > [2] = 2 
Zoic2; = ss== > [3] = 3 
SeJP3)  -SSse== > [1] =1 
4. [O) 9 -HH--- > [0] = 4 
5. [0 1} ------ > °{[0 2] = 6 
68 “FO. 2): “Saas > [0 3] =7 
Le Shes]. “eras a= > (0 1} = 5 
8. [1 OJ ------ > {2 0] = 11 
Oe VAC s2 0 ee SSS > [2 3] = 13 
lOe [TS ee == > [2 1] = 12 
Tage [20] “=s-=== > [3 0] = 14 


a > [3 2] = 16 
(Ost, @eaeee > [3 1] = 15 
PaO. seseee > {1 0] =8 

[Sites ets > [1 2)=9 

[Oey ates > [13] = 10 
(Os a Op. Reeerete > [0 2 0] = 18 
(Ore Oy! -seeehe > [0 3 0] = 19 
[0 3 0] ------ SO OP S07 
[3 0 3] -H+-+- Sl Od S96 
[01 2} <-+-++ S[0: 2 3), = Oa 
FO? 2: i), Seneca oO. IB y SOF. 
[i828]  Seeees So 1 3] S25 
P2200 i. Sees STB Oey 0 
(2B eases Se FSO pec 
[ono ty eee > [1 3 2] = 23 
[0°20 Ll sess >[0 2 0 2] = 27 


(iS, 49) (14,22) (la, 24a) (138, 27) cL, 8) (2, 11) (3, 14) 


(13 20) CLS, 23) (16, 21) (20, 21) ly 28) (2, 12) (35 25) 


(4p 2) 06, 23) (Typ 2208, 20) 499 18) (10, 19) (lly 24) (13, 


21) (14, 25) (16, 26) (17, 27) 
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The action of x and y on the single cosets of N in G is 


given by: 


As a result, the action of x and y on {to, ti, tz, t3} is 
given by: 
pane Ge ae OP 
yi (tip, te, Co). 
The action of the symmetric generator typ on the single 
cosets of N in G is given by: 
toe i205, 4) Gly By 25. Ly tS, 14) 8 ee) toy. DBT, Loa oe: 25) 
CLO} «24 ) Cia, 22) Cbs). 26) (Lay 25) (LG; 2) C205. 27} 
We note that the order of the product xy equals 2, and so 
N = <x, yo = Ag. 
Now, we need to verify that our three relations hold true 
in PGL2(7). 


Looking at our first relation we can see that 


t ltrtotatitotatito) _ (7, 28) (2, 12) (3, 15) (4, 5) (6, 23) (7, 22) (8, 
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t (ty totgt totgt, ty) 
1 


2 


t (tytotgt, totat, ty ) oe 
3 


Thus, titotetitotetito acts as the permutation (1 2 0) on the 


symmetric generators, that is 
tytotatitotetito = (1 2 0) 


=> tCotytetp = (1 O 2) titoteat;. 


Therefore, our first relation holds true in PGL2(7) 


Now, looking at our second relation we can see that 
¢ totetartstote) — 
0 


(1, 28) (2, 12) (3, 15) (4, 5) (6, 23) (7, 22) (8, 
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t,{rotetatstote) — (1, 8) (2, 11) (3, 14) (4, 28) (5, 17) (6, 18) (7, 


19) (93° 25) 0, -24)-C1L25 225-1137. 26) (15; 23) 16, 


¢,ltotetatstote) — (7, 10) (2, 13) (3, 28) (4, 7) (5, 26) (6, 24) (8, 


21) (9, 22) 41, 23) Ci2y. 25) (ay. 207 415 —~ 27) 416; 


pe Pott tstote) 
3 


Thus, totetit3tot2e acts as the permutation (0 1) (2 3) on the 
symmetric generators, that is 
totetit3tote = (0 1) (2 3) 
=> totot3 = (0 1) (2 3) toteti. 
Therefore, our second relation holds true in PGL2(7). 


Now, looking at our third relation we can see that 


tltatotitotitotito) — (1, 8) (2, 11) (3, 14) (4, 28) (5, 17) (6, 18) (7, 


t,{rtotstota totato) 7 


= ano 
tftatotatotitotite) — (1, 9) (2, 28) (3, 16) (4, 6) (5, 21) (7, 25) (8, 
26) (10, 2S) 1p 20). 25, 1794S. “19).(14). 22) 
(15, 24) (18, 27) 
= is 
Ee eee Ss i POV (2. 28) (8,. 28), Til: DEV(G, BAiCe; 


Thus, tyitotitotitotito acts as the identity on the symmetric 
generators, that is 
titotitotitotito = Id 

=> totitoty = titotito. 
Therefore, our third relation holds true in PGL2(7). 
The group PGLe(7) is generated by x, y and to, and the 
relations hold true in PGL2 (7) . As a result, PGL2(7) is an 
image of G, therefore | 


[IG] 2 |PGL2(7)| = 336. 
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But from previous we know that |G| S 336, and so 


PEGDaCR | a5 ted 


IG| < 336 = 


which proves the isomorphism. 


Hence, G = PGLI2(7). 
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CHAPTER FIVE 


SYMMETRIC REPRESENTAION OF U3(3) : 2 ELEMENTS 
Introduction 
In this chapter we will show that the group U3(3) : 2 


is generated by 7 involutions which are permuted, by 
conjugation within U3 (3) : 2, by a subgroup isomorphic to 
L3(2), and that each element of U3(3) : 2 can be written 
(not necessarily uniquely) as a permutation of 13(2) on 7 
letters followed by a word of length less than or equal to 
five in these generators. 
Factoring the progenitor 2*’ : L3(2) by the following 
relation 

(tits)? = (2 6) (4 5) 
yields the finite homomorphic image: 


2 e Tta) 
(tt, (2, 6).(4 5)” 


where the index of L3(2) in G equals 72. G = U3(3) : 2, the 
full group of automorphisms of the derived Chevalley Group 
Ge(2) 

A symmetric presentation for the above image is given by: 


“Sp VeDIR V2, (Sy) “Se, Coy yy 74, OTe, Cee yet (a4) ) 5 


(yt? (K93)), y= (tAR*ES (x43) ) 42>, 


69 


where N = L3(2) = <x,y,t|x*7, y*2, (x*y)%*3, (%,y)%4>, 
and the action of x, y on the symmetric generators is given 
by 

xem, (CON 2 SA Be) 


y ~ (2 6)(4 5). 


Double Coset Enumeration 
The double coset [0] contains 7 distinct single cosets, 
namely Nto, Nti, Ntz, Nt3, Nta, Nts, and Nteé. 
Now, expanding the relation (t4t3)* = (2 6) (4 5) yields: 
Grist ts. = (2 6): 4-5) | 
=> Ntit3 = Nt3ti 
=> Ntoti = Ntito. 
The double coset [0 1] contains 7 * 6 = 42 single cosets, 


but since Ntot; has 2 names, then the number of distinct 
single cosets in [0 1] = — = 2l. 


Applying to to Ntoti = Ntito yields 


Ntotito = Ntitoto 


Nti, 
but Nt; e€ [0] (since (Nt1)" = Nto, 


where m = (0 1)(2 5) € N). 
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Therefore, [0 1 0] = [0]. 

However, since N+) has orbits {0, 1}, {2, 4, 5, 6}, and 
{3}, then [0 1 i] = [0] for all i in {0, 1}. 

Now, applying to to (1) on the left hand side yields: 


totit3 = to (2 6) (4 5) t3ti 


=> Ntotits3 Ntots3ti 
= Nt3toti 
= Nt3(2 5) (4 6)tito 
= Nt3tito 


= Ntit3to 


= Nti(2 4) (5 6)tot3 


Ntitot3. 

So, Ntotit3 = Ntgtito = Nt3tot, = Ntit3to = Ntitot3 = Ntot3ti. 
Therefore, the double coset [0 1 3] contains 7 distinct 
single cosets, each with 6 names. 

Applying to to Ntotit3 = Nt3tito yields: 


Ntotit3to = Nt3titoto 


= Nt3ti, 
but Nt3t; € [0 1] (since (Nt3t1)" = Ntoti, 
where m = (0 3)(5 6) EN). 
Therefore, [0 1 3 0] = [0 1]. 


However, since N'° 1%) has orbits {0, 1, 3} and {2, 4, 5, 


then [0 1 3 j] = [0 1] for all j in {0, 1, 3}. 
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6}, 


Now, totit3t2 can be written as 
totit3t2 = toti(1 6) (0 4) tats 

= (1 6) (0 4)tatetats, 
but tatgtet3 € [0 1 2 3] (since (tatetet3)" = totitets, 

where m = (1 6)(0 4) EN). 

Therefore, [0 1 3 2] = [0 1 2 3], which implies [0 1 3 k] = 
[Ot 2 3) fer all. kan (2, 4) D7 Bs 
Now, conjugating (1) by (0 3 1) (2 4 5) € N yields: 
totrS t4 eP (5:2) Cito 


=> totite = (4 6) (5 2)titote 


ll 


=> Ntotit2 = Ntitote 

= Nti(3 4) (1 5)toto 
= Ntsteoto 

= Ntots5to 

= Nto(3 6) (1 2) tots 
= Ntjitots | 

= Ntotits 

= Nto(3 4) (0 2)ts5ti 


= Ntoatsti 


Ntsteti. 
So, Ntotit2 = Ntotits = Ntyitots = Ntitot2 = Ntsteto = Ntatsto = 


Ntsteati 


Ntots5ti. 


Te 


Therefore, the double coset [0 1 2] contains 21 distinct 
Single cosets, each with 8 names. 
Applying Co to Ntotit2 = Ntoatstg yields: 


Ntotitato = Ntatstoto 


= Ntots, 
but Ntzts e€ [0 1] (since (Ntots)" = Ntoti, 
where mn = (0 2) (1 5) € N). 
Therefore, [0 1 2 0] = [0 1]. 


However, since we +? has orbits {0, 1, 2, 5}, {3}, and 
{4,6}, then, (LO. i 2am] = £01) stor all im an. 0, 15. 2) 345 
Now, Ntotite = Ntitote 
=> Ntotitet3 = Ntitotets 

= Nti(3 4) (1 5)tetot3 

= Ntstatots3 

= Ntoatstot3 

= Nt2(3 6) (1 2) totst; 

= Ntitotstz3 

= Ntotitst3 

= Nto(3 4) (0 2)tstits 

= Ntetstits, 


and Ntitotet3 = Ntotitot3 


Nto(1 3) (2 6)tatite 


= Ntotetits, 


fe 


= Ntototite 

= Nt2(4 6) (2 5)titote 

= Ntstitote 

= Ntitstote 

= Ntototsts 

= Ntotetsts 

= Nto(4 6) (0 1)tstate 

= Ntitstete 

= Ntstitote. 

Also, Ntotitet3 = Ntitotets 

= Nti(0 3) (2 4)te2tota 
= Ntitetots 
= Ntotitots 
= Nt2(4 6) (2 5)totits 
= Ntstotits 
= Ntotstita 
= Nto(3 4) (0 2)titsta 
= Ntotitsts 
= Ntitetst, 
= Nt1(4 6) (0 1)tstot, 
= Ntotstota 


= Ntstoteta . 
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Therefore, the single coset Ntotitet3 has 24 names as 
described above. And so the double coset [0 1 2 3] has 7 
distinct cosets, namely Ntotitet3, Ntitetsty, Ntitetots, 
Ntot3tats, Nt3tatste, Ntgteteti, and Ntgt3ts5t,. 

Applying t4 to Ntotitet3 = Ntstotet, yields: 


Ntotitet3t,q = Ntstotatat, 


= Ntstotoa, 
but Ntstot2 € [0 1 2] (since (Ntstot2)" = Ntotitea, 
where m = (0 1 5)(3 6 4) E€ N). 
Therefore, [0 1 2 3 4] = [0 1 2]. 


However, since qi se aS OPE TES LO, Ch; 2, 5) and: 135-4; 
6}5. then [Orb 2-3 ps=" (Ode 2) for all pein 13). 2.-o). 
Now, totitet3te can be written as 


Cotitet3te = totites (1 6) (0 4) tet3 


(1 6) (0 4) tatetatat3 


(1 6) (0 4) tatets, 


but tytgt3 € [0 1 3] (since. (tytets) > = totets, 

where mn = (1 6) (0 4) E€ N). 
Therefore, [0 1 2 3 2] = [0 1 3], which implies that 
[Or ke 2 8 ees hOB) for alg sim Oy. Vy S27. oats 


Now, Ntotite2 


Ntitots 


=> Ntotitety = Ntitots5t, 


Ntst2tit, 


pe) 


Ntst2(0 6) (3 5)ta4ti 
Nt3tetati 

Ntqgtot3t1 

Nta(2 4) (5 ©) t3toti 
Ntats3toti 

Ntotato2ti 

Nto(d 5)¢3 6) C,tite 
Ntstatite. 

Nts(O0 6) (3 5) titat2 
Nt3tiztat2 

Ntit3ts5te . 

Ntqgtst3t2 

Ntgtogt3ts5 

Nt,(0 4) (1 6) ts5tats 
Ntotste2t3 

Ntp(O 1) (4 Stee. 
Ntitetst3 

Nt, (0 1) (4 6) t3teats 
Ntot3te2ts 

Nt3totats 

Ntatatots 

Nt2(l 2) (3 6) tats5to 


Ntitatsto 
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Nti(l 3) (2 6) tstato 


= Nt3ts5tato 


Nt3(1 6) (2 3)tstota 


Ntotstota 


Ntsteatita, 
and Ntotitet, = Ntatot3ti 
= Nt4a(2 6) (4 5)t3tito 
= Ntst3tito 
= Nts(2 6) (4 5)tit3to 
= Ntgtit3to 
= Nt4g(2 6) (4 5) totits3 
= Ntstotits 
= Nts(2 5) (4 6)titots3 
= Nto2titot3. 
Therefore, the single coset Ntotitet, has 24 names as 
described above. And so the double coset [0 1 2 4] has 
distinct cosets, namely Ntotitets, Ntytegt3ts5, Ntat3tate, 
Ntotat3t6, Ntetstits, Nt3ztqtsto, and Ntatstet2. 
Applying to to Ntotitata = Ntgtitsto yields: 
Ntotitatato = Ntatit3toto 
=> Ntotitetato = Ntgtit3, 
but Ntgtit3;3 € [0 1 2] (since (Nt4tit3)" = Ntotzito, 


where nm = (2 3) (0 4) EN). 
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Therefore, [0 12 4 0] = [0 1 2]. 

However, since N'°+?24) has orbits {0, 1, 2, 3, 4, 5} and 
(6); “then [0 1.2 4 2) = [0 22) for all 2 an 40) 1, 2;,- 3; 
4, 5}. 

Now, applying t,. to Ntotitet, = Ntgtit3t, yields: 


Ntotiteatats = Ntatit3tote 


N(O 6 5) (1 4 2) totit3t, 
=> Ntotitetats = Ntatotit3t,. 
Using the above relation to calculate the order of the 


stabilizing group N‘°??4® 


(see Appendix A) we have that 
the order of this stabilizing group equals 168. Therefore, 


the number of distinct single cosets in the double coset 


[NI | _ 168 © 
[0 12 4 6] turns out to be pnt 249 | a 168 = 1; which 


means that all the single cosets in the double coset 
[0 1 2 4 6] are all equal to each other. Furthermore, 
ni&t246) is transitive, which means that [0 12 46s] = 
[0 1 2 4] for all s in {0, 1, 2, 3, 4, 5, 6}. 

The set of all double cosets [w] = NwN, coset stabilizing 
subgroups N™), and the number of single cosets are 


exhibited in Table 5.1. The table shows that the Cayley 


Graph of G over N has the form as displayéd in Figure 5.1. 
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Table 5.1 The Double Cosets [w] = NwN in G, 
Where N = 13(2) 


Number 
Reason of single 
cosets 


sean 


N!O = <(26) (45), (142) (356), (25) (46)> has 
orbits {0}, {1, 2, 3, 4, 5, 6} 


[00]=[*] 


[01] NO 7) = <(26) (45), (25) (46), (01) (46), 
(01) (25), (01) (2456), (01) (2654)> has 
orbits {0, 1}, {3}, {2, 4}, 01 = (46) (52)10 
and for all i in {0, 1} 

[O1i}]=[0] 


[013] NOS S206) (a5). (25) (46 )\s. (013046); 


( 
(O1) (25), (O01) (2456), (01) (2654), (2546) (03), 
( 


(24) (03), (03) (56), (2645) (03)> has orbits 

Oye ys Shp Hee oy 5 Oy pe OOS oe OST. LOS ee 

230\ =: 30Ll = 310 sand toe “all "ta 40; 1. 34 
[0135 ]=[01] 


0132 = 01(16) (04)23 = (16) (04)4623 and 
(4623)" = 0123 where n = (16) (04) E€ N 
{[0132]=[0123] 


[012] nw +2) — <(01) (46), (1502) (46)> has orbits 
(Oj bp Be She 04e “6), O12 102 @ 251 a O97 
~ 105 ~ 015 ~ 520 ~ 250 and for all k in 
(Oe dy 2 3} 

[012k}=[012] 


(0123) we 223) = <(01) (46), (1502) (46), (1520) (36)> 
has orbits {0, 1, 2, 5}, {3, 4, ©} and for 
all min {3, 4, 6} 

[0123m]=[012] 


01232 = 012(16) (04)23 = (16) (04) 463 and 
(463)" = 013 where n = (16) (04) EN 
[01232]=[013] 


719 


[0124] wo? 24) = <(15) (02), (01) (25), (130) (254)> q 
has orbits {6}, {0, 1, 2, 3, 4, 5} and for 
all pin {0, 1, 2, 3, 4, 5} 

[0124pJ=[012] 


[01246] Witte OS) See 5 (02) (01)-(25%: £130)-(254),, 
(1543) (06)> has orbit {0, 


and for all gq in {0, 1, 
[01246q]=[012] 


The Cayley graph of U3(3) : 2 over L3(2) has as vertices the 
set of right cosets of N in G, i.e. the set Nwi, where wi 
are words in T. The diagram below illustrates each orbit 
of N in its action on the vertices by right multiplication 
which is represented by a single node, labeled with the 


number of vertices that it contains. Lines in between 


[0123] [0124} 


[01246] 


Figure 5.1 Cayley Graph of U3(3) : 2 over 1L3(2) 
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these nodes are labeled with integers to denote how many 
edges from a vertex of one node will lead to the Garkiees 
of the other. 

At this point we can calculate the action of the seven 


symmetric generators on the cosets of U3(3) : 3 over L3(2). 


The labeling used for the single cosets of N in G is given 


by: 
Single 
Label Coset 
72. ([N] 29. [0 1 2] 
1. PL] 30. [0 4 6] 
2. [2] 31. [0 5 2] 
3. [3] io re ee 
4. [4] 33. [1 4 0] 
5. [5] 34. [1 5 0] 
6. [6] 39: [2 s6--3)) 
7. [0] 36. [2 3 4] 
8. [0 1] Silke i202 J 
O08 | FO.c2 38. [2 0 4] 
LOs | HO: 3] 39); bao 54 
11. [0 4] 40. [3 0 2] 
12. [0 5] 41. [3 0 6] 
13. [0 6] 42. [4 1 3] 
14. [1 2] 43%. [5° 2.3] 
15.4 IPL 33] 44. [5 2 4] 
16. {1 4] 45.6." bo: 3:10] 
17. [1 5] 46. [6 2 4] 
18. [1 6] 47. [6 3 5] 
19-4 [2-3] 48. [6 4 1] 
20. [2 4] 49. [6 5 4] 
Zilie' be sel SO. Od 34] 
22. [2 6] " 51. [1 2 4] 
23. [3 4] 922. [bk 6.9) 
24. [3 5] 535. 2.32: 
25. [3 6] 54. [5 0 4] 
26. [4 5] 55. [6 0 2] 
27. [4 6] SG LG Be A] 
28. [5 6] 57. [0 1 2 3] 
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[1 2 3 4] 65, [22.39] 
[L6 0-54 66%. [23 4° 6] 
[2 3 4 5] 67, [2 4-3 6] 
[3 4 5 6] Oke: We 22 Gi} 
[4 2 6 1] 69. [3 4 5 0] 
[6 3 5 4] POs JA. 26021) 
[0 1 2 4] 71. [0 12 4 6] 


The action of the symmetric generators on the cosets of N 


in G is given by: 


to 


ti 


t3 


ta 


ts 


(72,7) (1,8) (2,9) (3,10) (4,11) (5,12) (6,13) (14,31) (15,50) 
(16,33) (17,24) (18) 30) (19736) (20,40). (21,29) (22) 55 237 
38) (24,45) (25,47) (26,54) (27,48) (28,41) (32,67) (35, 68) 
(37,58) (39,61) (42,64) (43,69) (44,66) (46, 62) (49,70) (51, 
63) (52,7 60) (537,59) (56,57) (65,71) 


(72,1) (7,8) (2,14) (3,15) (4,16) (5,17) (6,18) (9,34) (10,50) 
CSO) CEA LS £35) Loe so 20 po by il po) (Oo AS tres, 
43) (24,42).(25, 32) (26,39)(27, 48) (28,52) (36,64). (38,07) 
(40,60) (41,63) (44,65) (45,68) (46,70) (47,69) (49, 62) (53, 
99) (54,58) (55,61). (96,57) (66,71) 


Ci2¢ 2) Cb poy (lp VA) (3719) 44,20) (5,21) (6,22) (829) (10540) 
(lid, 36) (ey 1) 13) 35) (15,370) b6, 51) (1734) (18,35) (23; 
38) (24,53) (25,32) (26,46) (27,44) (28,49) (30,70) (33,59) 
(39,64) (41,68) (42,61) (43,65) (45,63) (47,66) (48,67) (50, 
62) (52,60) (54,58) (56,57) (69,71) 


(72,3) (7,10) (1,15) (2,19) (4,23) (5,24) (6,25) (8,50) (9,38) 
(11,36) (12,47) (13,45) (14,32) (16,42) (17, 43) (18,35) (20, 
40) (214693) (223.7) (26,39) (27,96) (28,41) (29,57) (30,69) 
(31,64) (33,67) (34,68) (44,62) (46,66) (48,59) (49,65) (51, 
63) (52,60) (54,58) (55,61) (70,71) 


(72,4) (7,11) (1,16) (2,20) (3,23) (5,26) (6,27) (8,48) (9, 38) 
(10,40) (12,54) (13,33) (14,51) (15, 39) (17,43) (18,30) (19, 
36) (21,44) (22,46) (24,42) (25,56) (28,49) (29,64) (31,57) 
(32,58) (34,70) (35,65) (37,67) (41,69) (45,66) (47, 63) (50, 
62) (52,60) (53,59) (357 61)-( 6871) 


Clap oi Clg heyy li t2, 21) (3424) (4,26)-(6, 28): (8,29) (9, 34) 
(LO; 41) (1 58) (l3545)(14 Sry Cl5, 39) (16,42) (18,52) (19, 
D3) 420749). (22,746) (23,43) (25,47) (27,44) (30,59) (32,65) 


82 


(33,70) (35,58) (36,60) (37,68) (38,66) (40, 64) (48,69) (50, 
62) (ol, 63) (35,61) (56757) fore 7 1) 


te = (72,6) (7,13) 44,18) (2,22) (3,25) (4,27 )(5,28). (8,48) (9,55) 
(10,41) (11,30) (12,47) (14,32) (15,37) (16,33) (17,52) (19, 
35) (20,49) (21,44) (23,56) (24,45) (26,46) (29,68) (31,70) 
(34,57) (36,66) (38,60) (39,69) (40,67) (42,65) (43,61) (50, 
62) (51,63) (53,59) (54,58) (64,71). 
Representation of Elements of U3(3) : 2 
Every element of U3(3) : 2 can be represented as aw, 
where # is a permutation of L3(2), on 7 letters, and wis a 
product of at most five symmetric generators. 


For example: 


let @ = (lp. 62, 36,22; 43, Vly -56,; 68) (2, 60, 38, 277 53; 


> 727 = 41 (Since N is labeled as 72 and 72 goes to 41 
under @) 


> N@ = Nt3tote (Since Nt3tots is labeled as 41) 
> Natgtot3 = N 


> atetot3 =n, for n € L3(2) 
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> Qa = ntztote, a symmetric representation for a. 


Now, what is n? 


Gtetota =. (24 2) (a, 6) (9, Liye, Pails: 16) 407, 2ey ers, 


Therefore, the action of @tgtot3 on the symmetric generators 


is given by: 


Nti = 1 > 1 = Nti 
Nt2 = 2 4 4=Nt, 
Nt3 = 3 > 3 = Nt3 
Ntg = 45 2 ees 
Nts = 5 > 6 = Ntgé. 
Nts = 6 ~~ 5 = Nts 
Nto = 7 ~ 7 = Nto 


> n= (2 4)(5 6). 
And so a symmetric representation for @ is given by 
a = (2 4) (5 6) t3tote. 
Permutation Representation of an Element Whose 
Symmetric Representation Is Given 
Given a symmetric representation for any element of 
U3(3) : 2, we can easily recover its permutation 


representation on 72 letters. 
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For example: 
Let B = (2 6) (4 5)tati be the symmetric representation of 
the element f# e€ G. Then the action of mw = (2 6)(4 5) EN 


on each of the seventy two single cosets of N = L3(2) in 


U3(3) : 2 is given by: 


Single action Single 
Label Coset under m Coset Coset 
72. ([N] ==SS=S>. (N] = 72 
te (PL sesss—= > [1] = 1 
2. (2) 9 eee > [2] = 6 
3. [3] 9 =----- > [3] = 3 
4, [4] 9 seeer- > [5] =5 
5. [5] 9 ------ > [4] = 4 
6. [6] ~ ------ > [2] = 2 
Te LO} ASS See > [0] = 7 
8. [0 1] <----- > [0 1] = 8 
9. [0 2) ------ > [0 6] = 13 
10. [0 3] ------ > [0 3] = 10 
11. (0 4) 8 <------ > [0 5} = 12 
12.0 [O-5) sess > [0 4] = 11 
13. [0 6} ------ > [0 2] = 9 
14. [1 2] ------ > [1 6] = 18 
15. [1 3] -3--++--- > [1 3] = 15 
16. [1 4] ------ > [1 5] = 17 
17. [1 5] 9 ------ > [1 4] = 16 
18. [1 6) ------ > [1 2] = 14 
19. [2 3) ------ > [6 3] = 25 
20. [2 4] ------ > [6 5] = 28 
21. [2 5) ------ > [6 4] = 27 
22. [2 6) ------ > [6 2] = 22 
23. [3 4] ------ > [3 5] = 24 
24. [3 5) 9 ------ > [3 4] = 23 
25. [3 6]  -=------ > [3 2] = 19 
26. [4 5) £------ > [5 4] = 26 
27. [4 6) ------ > [5 2] = 21 
28) (8:6). cHSs=s- > {4 2] = 20 
29 "OL (2) .<-=sSs- > [0 1 6] = 48 
30. [0 4 6] ------ > [0 5 2] = 31 
31 j[0-5 2] <s=--s= > [0 4 6] = 30 
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NBPWOWAANM BMW O W 
on 
— 

Iou tt to be bt tet th wd th te thea 


Ww 

tou ht ot tt ft tb bot db bt ted tet tb tt th ok th ad ot tea 
Bs 
NO 


nS og ora ea 


24) (29, 


45) (40, 41) ( 


32. (1 2 3) -<---- > [1 6 
33. {1 4 0) ------ > {1 5 
34. [1 5 0] ------ > [1 4 
$5. 67a) weeses Sr '2 
36. [2 3 4] ------ > [6 3 
Sie, UL Gok, -Sa-es5 > [6 2 
38. [2 0 4] ------ > [6 0 
S92) (oak SO). eSteaa > [3 1 
40. [3 0 2) ------ > [3 0 
At. (B2Or6). Seeess > [3 0 
42. [4 13] ------ > [5 1 
43. [5 1 3] ------ > [4 1 
44, [5 2 4] ------ > [4 6 
45. [5 3 0) ------ > [4 3 
46. [6 2 4] ------ > [2 6 
te TG Boe) aees Sipe 
48. [6 4 1] ------ > [2.5 
49. [6 5 4] ------ > [2 4 
50. (O° 3]. seeeus > [01 
61 blo? 4) SSSSs5 > [1 6 
52: [65] Seetae S-Tdeo 
eos: 25.9.5) i-SsSse= > [6 3 
54. [5 0 4] ------ > [4 0 
55. [6 0 2] ------> [2 0 
56. [6 3 4] ------ > [2 3 
57x [0 1 2 3)------ > [0 1 
Seo (tO BA pe se Subs 
59. {1 6 0 5]------ > [1 2 
60. [2 3 4 5]------ > [6 3 
61. [3 4 5 6]------ > (3.5 
62. [4 2 6 1]------ > [5 6 
63. [6 3 5 4]------ > 2.3 
64. [0 1 2 4]------ > [0 1 
65. [1 2 3 5]------ > [1 6 
66. [2 3 4 6]------ > [6 3 
67. [2 4 3 6]------ > [6 5 
68. [2 5 1 6]------ > [6 4 
69. [2 4a. oS 0] e-4eH= > ae eae 
70. [4 5 6 1]------ > [5 4 
Tie LOL 2 Ae) S==-s [0 26-5 2] = 
=> n= (2, 6) (4, 5) (9, 

(20, 28) (21, 27) (23, 

34) (36, 47) (38, 

(57, 59) (60, 63) (64, 


62): (675 
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L4, 16) (16; 


48) (30, 


42, 43) (51, 


68)". 


SL oey 


LT) GS 25) 


35) (33, 


BZ (Soe 390) 


So, a permutation representation for £ is given by 


(57,, 59) (60, 63) (64, 69) (67, 68) t2ti 


= (po 25: Sly Dp. Boy 327-6) C4, -29y, 385. Aly 5SOp 49; SZ) Go, 
Zip CS)>- 23,5595. 01 ASCO, OL) 24;° Gly. 63) Zoey: £6) CLO, 


boy? 2oy- Loy, 225% ey. AZIC30 Siz -46, 129, Bey. tha. Alls 


Proof of Isomorphism 
Double coset enumeration as displayed in Figure 5.1 shows 


that the group defined by the symmetric presentation 


contains a homomorphic image of N = 13(2) to index at most 
| N | |N | |N| |N| | N | 
[| pi? | ieedet) ON lien Dame 
|N | r |N| |N| 
Te emp | iyo 4 | PS paca | 
168 168 168 168 168 168 168 168 
= — + —— + —— + — + == + — + — + — 
168 24 8 8 24 24 24 168 


Se ee ae es ad ae Fe ae Pye al 
= 72. 


As a result, the index of N in Gis at most 72. 
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Therefore, the order of the image group G is at most 
72 ¢ |N| = 72 ¢ 168 = 12096. 
Moreover, the action by right multiplication on the 72 
cosets is implicit in the enumeration, and we can verify 
that the image is the U3(3) : 2. 
Furthermore, the order of G can by confirmed by regarding G 
as a permutation group on the 72 cosets that we have found. 
The action of x and y on the single cosets of N in G is 
given by: 
Rib Ze Sp Ay Se Op Ae, ey “19, 28 265. 28, 13) :9y 15, 
20 py 2a yp el ey LOY CLOsy L6G, Sle 25; 1, Bey 22)(29)% 324 
36, 43, 46, 41,. 33) (30, 34,- 37; 40; 42,--44,. 47). (31,35, 


Oey: 29% -40;. 45, 43).( 50, -Sie 53) 736; “545 (32; -55) 457): Se, 


Al) (38; 45)(40, 41)(42,- 43) (ol, 52) (93, 56) (S7;7-.59) (60, 


The action of the symmetric generator typ on the single 

cosets of N in G is given by: 

tee ee Pe hyn 8 tae 98 3y. 20) 44; 21) tSy- 120.46): 13) fia 31) 
(13,. 20) (06, S337 UiT, 34) CL By. 30) (195 36)(20,.. 40).(24, 


29) (229 38) 8234 38) (24, 45) (25, 47) (26, Say 2s. AS) (28, 
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A lS 2g OI) ABO! BOIS Ag oe) CSS. Gl). (42... Ga) CaS 
66) (46, 62) (49, 970) (31,63) 452, “60) (53;. -59) (56; 
peer 

Now, we need to verify that our relation holds true 

UetSy 2 

Looking at our relation we can see that 


t (tite? = 


3) (ES; 50) CG, S23) 0; Sa) 108) 'S0) (19> 36) 


69) (44, 


57 )'(65; 


7H 


72) (14, 


(20, 40) 


(215 29) 22, 959 (23, 38) (24, 45) (25, 47) 4126, 54) 


(277 A8}420, 22) 132¢ G67) 435, 68137}. 38) (39,61) 


(42, 64) (43, 69) (44, 66) (46, 62) (49, 70) (51, 63) 


(94: OO) (537. 99).(56, “5 7) (65% “741) 


t 
Say ALOp: DO) Lidge S07 Ci2,:- 31) (13): 837195 35) 
(Zip Zoe! Sy (23, 43) (24, 82) (25; 32) 126 
(27, 48) (28, 52) (36, 64) (38, 67) (40, 60) (41 
(44, 65) (45, 68) (46, 70) (47, 69) (49, 62) (53 


(547-38) (997-61) (56, <5 7) (66,. 71) 


tftateP _ 


TSP Stig DVO, AAS e BS tae. ASS) 17) (6,28) hy 61.9, 


(205.34) 
, 39) 
, 63) 


, 99) 


(tyts? 
t; 


t 


4 


ts 


(tyts? 


(tyt3 


(29, 96) 428; 49)(29, 64) (31, - S57) (32,7 58).134, 70) 
(35, 65) (37, 67) (41, 69) (45, 66) (47, 63) (50, 62) 


(52> 60} 535. 89) (SS, Gl (685 FL) 


ttt = (1, 14) (2, 72) (3, 19) (4, 20) (5, 21) (6, 22) (7, 9) (8, 
29) (10, 40) (11, 36) (12, 31) (13, 55) (15, 37) (16, 51) 
(17, 34) (18, 35) (23, 38) (24, 53) (25, 32) (26, 46) 
(27, 44) (28, 49) (30, .70) (33, 59) (39, 64) (41, 68) 
(42, 61) (43, 65) (45, 63) (47, 66) (48, 67) (50, 62) 


(52, 60) (54, 58) (56, 57) (69, 71) 


lI 
ct 
N) 


Thus, (tata) Bos. Ae the pecnubee ion (2 6) (4 5) on the 
symmetric generators, that is 
tits = (2 6) (4 5)tstr. 

Therefore, our relation holds true in U3(3) : 2. 
The group U3(3) : 2 is generated by x, y, and to, and the 
relations hold true in U3(3) : 2. As a result, U3(3) : 2 
is an image of G, therefore 

IG| 2 [U3(3) : 2] = 12096. 
But from previous we know that |G| < 12096, and so 


(Gh S& 22096: = (Us(3)> 3 21 Ss. lel, 


IR 


which proves the isomorphism. Hence, G U3(3) ¢ 2. 


ei 


CHAPTER SIX 


SYMMETRIC REPRESENTAION OF L2(13) ELEMENTS 


Introduction 

In this chapter we will show that the group L2(13) is 
generated by 4 involutions which are permuted, by 
conjugation within L2(13), by a subgroup isomorphic to Ag, 
and that each element of L2(13) can be written (not 
necessarily uniquely) as a permutation of A, on 4 letters 
followed by a word of length less than or equal to five in 
these generators. 
Factoring the progenitor 24 : A, by the following relations 

[(0 1 2)tol’, [(0 1) (2 3)to]’, and [(0 1 2)totitets]* 
yields the finite homomorphic ee 


Ge or te A, 
PCO QV RO IO Site a COs ok yee 


where A, is maximal in L2(13) and the index of A, in G 

equals 91. G = I2(13), the projective special linear 

group. 

A symmetric presentation for the above image is given by: 
SK Ve ROSE VS MA) Ze. eg “eps AYE er, 
(x*y*¥t) *7, (y*t*t*y*t® (y*2) *t* (y*2*x) )*2>, 


where N = A, = <x,y|x%*3, y%*3, (x*y)*2>, 
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and the action of x, y on the symmetric generators is given 


by 


Double Coset Enumeration 
The double coset [0] has 4 distinct single cosets, namely, 
Nto, Nti, Nt2, and Nt3. Meanwhile, the double cosets [0 1] 
and [0 1 0] each contain 12 distinct single cosets. 
Now, expanding the relation [(0 1) (2 3)to]’ = 1 yields: 


(mt 9)’ = 1, where n = (0 1)(2 3) Ee N 


6 5 


SS ae eel Meg (ea Cea) Ce Ce) (eg Pd 
S(O1 O svete s, 24 
=> Nt,t,t t, = Nt,t,t, 
=> [0 101] = [0 1 0]. 
The double coset [0 1 0 2] has 12 distinct single cosets. 
Now, Ntotitotet:; can be written as 
Ntot ztotati = Nto(O0 2 1) titoto 
= Ntotiteto, 
but Ntotitetp € [0 1 0 3] (since (Ntotiteto)” = Ntotitots, 


where m = (0 3 2) € N). 


23 


Therefore, [0 102 1] = [0 10 3]. 

Now, totitotet3 can be written as 

totytolet3 = to(0 2 3) tatot3ti 

= (0 2 3)tz2te2tot3ti 

= 00-2. 3) Eoketi; 

but tot3ti € [0 1 2] (since (tot3t1)" = totite 
where m = (1 2 3) E€ N). 


Therefore, [0 1 0 2 3] 


(OL 2] 
Now, applying te2tp to (1) yields: 


Ntotitotetg = Ntotitotitato 


ll 


Ntoti(O 1 2)toteti 


Ntitetotati 


ll 


Nt ,ztotit3t1. 

Therefore, Ntotytotet o = Ntitot it3ti. 

Furthermore, the double coset [0 1 0 2 0] contains 4 * 3 « 
1 *2 *¢* 1 = 12 single cosets. But since Ntotitotetg has two 


names, then the number of distinct single cosets in 
Le 
[0 10 2 0] equals > a 6, namely Ntotitote2to, Nt3tet3tit3, 


Ntototetite2, Ntetitet3zto2, Nt it3tite2ti, and Ntot3totito, each with 
two names. 
Applying ti to Ntoptztote2eto = Ntyitotit3ti yields 


Ntotytotetot, = Ntztotit3tity, 
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= Ntitotit3, 


but Ntyitotit3 E [0 AQ 2] (since (Ntyztotit3)” = Ntotitoto, 


Therefore, 


where m = (0 1) (2 3) EN). 


FeO aL Oe 2s TY, ee iO PO: 2g 


However, since N'°!°2) has orbits {0, 1} and {2, 3} then 


POS aL” sO: 22° 


a 2 Oe O.. 2 Shee vad aaa 4 Oy. ps 


Furthermore, [0 10 3 0] = [0 10 2 Qj. 


Now, totitotetote can be written as 


Cotitotatote 


= toti(0 2) (1 3) toteato 

= (0 2) (1 3) tatg3totaty 

= OU 2 yeh 3) CaCO A 3) Eat tets: 
= (0 2 1)tat3te2t3ti 


= AO 3.2) tatatotr, 


but Cet3teti € [0 1 0 3] (since (tot3t2t1)" = totitot3 


Therefore, 
[0 102 0 


The double 


where m = (0 2)(1 3) EN). 
[0102 0 2) = [0 1 0 3] which implies that 
3] = [0 1 0 3] for all j in {2, 3}. 


coset [0 1 0 3] has 12 distinct single cosets. 


Now, Ntotitot3t1 can be written as 


Ntotitot3ti = Nto (0 8. -L) Gatst6 


= Nt3tits3to, 


but Nt3tit3to € [0 1 0 2] (since (Nt3t zt3t9)” = Ntotitoto2, 


where m = (0 2 3) E€ N). 


ee) 


Therefore, [0 1 03 1]‘= [010 2]. 


Now, totitot3t2 can be written as 


totitot3t2 = to(0 3 2) t3toteat, 
= (0 3 2) t3t3toteti 
= (0 3 2)toteati, 
but totet: € [0 1 3] (since (totet1)" = totit3 


where mn = (2 1 3) E€ N). 
Therefore, [0 1 0 3 2] = [0 1 3]. 
The double coset [0 1 2] has twelve distinct single cosets. 
Expanding the relation [(0 1 2)to]’ = 1 yields: 


(wto)’ = 1, where wm = (0 12) EN 


SS AON Ne Eee pai He 


=>] tt t,t, = (0 1 2)tyt,t,. (2) 


o> NUE st, 7— NEU 
but Ntotet; € [0 1 3] (since (Ntote2t1)" = Ntotit;3, 
where mn = (1 3 2) E€ N). 
Therefore, [0 1 2 0] = [0 1 3]. 
Applying t2 to (1) yields: 
Ntotitot2 = Ntotitotite 
= Ntg(1 2 3) titstot3 


am Ntotit3tot3 
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= Ntot3tit3, 


but Ntot3tit3 ¢€ [0 1 2 1] (since (Ntot3tit3)” = Ntotiteti, 
where mn = (3 1 2) EN). 
Therefore, [0 121] = [0 1 0 2]. 


Now, expanding the relation [(0 1 2)totit2t3]* = 1 yields: 
(mtotitot3)* = 1, where mn = (0 1 2) EN 

SS whe pte tc) = 1 

=> (0 2 1)titetot3totitetz = 1 

=> (Ntotatets) °°??? = (Ntgtitot2) °°” 

=> Ntgtitot2 = Ntotits3to. 

Therefore, Ntotitat3 = Nt3titot2 = Nteatit3to. 

The double coset [0 1 2 3] contains 4* 3*2e¢1]1= 12 
Single cosets. But since Ntotitzt3 has three names, then the 


12 
number of distinct single cosets in [0 1 2 3] = < = 4, 


namely Ntotite2t3, Ntotet3ti, Ntot3tit2, and Nt3tote2ti, each with 
three names. 
Now, Ntotitet3t; can be written as 


Ntotitet3t1 = Ntoti(1 2 3) taotit3te 


Ntota2tatit3te2 
= Ntotit3to. 


Therefore, [0 123 1] = [0 13 2]. 
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Applying typ to Ntotitet3 = Ntetitsto yields: 


Ntotztet3to = Ntotit3toto 


= Ntetit3, 
but Ntetit3 € [0 1 2] (since (Ntgtit3)" = Ntotito2, 
where n = (0 3 2) E€ N). 
Therefore, [0 1 2 3 0] = [0 1 2}. 


However, since N'+?%) has orbits {1} and {2, 3, O} then 
fO 1 2 3 k]) = [0 1 2) for all k in {2, 3, 0}. 
The double coset [0 1 3] has 12 distinct single cosets. 


Now, conjugating (2) by (1 3 2) é€ N yields: 


Lee Ee SPO. eyes 
=> tot3titp = (0 3 1)totit; 
=> tot3ti = (90 3 1) totitsto 


=> Ntot3t1 = Ntotit3to, 


but Ntot3t1 E [0 1 2] (since (Ntot3t1)” = Ntotite2, 
where m = (1 2 3) E€ N). 
Therefore, [0 1 3 0} = [0 1 2]. 


Applying t3 to (1) yields: 


Ntotitot3 = Ntotitotit3 


Ntop(l 3 2) titeatote 


= Ntotite2tote 


ll 


Ntota2titoe, 
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but Ntot2tites E [0 I 3 dey (since (Ntotetite2)” = Ntotitsti, 


where m = (1 3 2) EN). 
Therefore, [0 13 1] = [0 10 3]. 
From (3) we have 
totitet3 = (0 1 2) t3titote 
> ¢3(0 2 1)totite = titotets 
=> Nt3totite = Ntitotet3 
=. (Nests) rh eS ANegtgests) Pe 
=> Ntegtitot3 = Ntotit3t2 
=> (Ntetitots) 727) = (Ntotitst2) ° > * 


=> Ntotit3t2 = Nt3titato. 

Therefore, Ntotitste = Ntotitot3 = Nt3tyteato. 

The double coset [0 1 3 2] contains 4* 3*2e¢1== 12 
single cosets. But since Ntotit3tz2 has three names, then the 


12 


number of distinct single cosets in [0 1 3 2] = = 4, 


namely Ntotit3to2, Ntotetit3, Ntot3t2ti, and Nt3totito, each with 
three names. 
Now, Ntotit3tet; can be written as 


Ntotit3teti = Ntoti(1 3 2) t3titet3 


ll 


Ntot3t3titet;3 


Ml 


Ntotitet3. 


Therefore, [0 13 2 1} = [0 1 2 3]. 
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Applying Ep to Ntotit3t2 = Nt3tyto2to yields: 


Ntotit3tato = Nt3t itetoto 


= Nt3tit2, 
but Nt3tit2 € [0 1 3] (since (Nt3tit2)" = Ntotit3, 
where m = (0 2 3) E€ N). 
Therefore, [0 13 2 0] = [0 1 3]. 


However, since N'° 13?) has orbits {1} and {2, 3, 0} then 
[0 13 2m] = [0 1 3] £62 SUT min {2, 3, 0}. 

The set of all double cosets [w] = NwN, coset stabilizing 
subgroups N™), and the number of single cosets are 
exhibited in Table 6.1. The table shows that the Cayley 


Graph of G over N has the form as displayed in Figure 6.1. 


Table 6.1 The Double Cosets [w] = NwN in G, 
Where N = Ay 


Number 
Reason of single 
cosets 
N is transitive 
NOS 20S Shas orbite: {0}, ole. 27 3) 
pooja 3 


[01] wl? t) = <e> has orbits {0}, {1}, {2}, {3} 


rOiG). ‘Wh? OSes has orbits (Oh. F299, doe 4aiy 
and 0101 = (01) (23)010 
[0101]=[010] 
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[0102] Wie Oe es ees has ORD ies Ot S- “ttte fot 63h 
01021 = 0(021)120 = (021)2120 and (2120)" = 
0103 where n = (203) EN 

[01021]=[0103] 


[01022]=[010] 


01023 = 0(023)2031 = (023)031 and (031)" = 
012 where m = (312) EN 
[01023]=[012] 


[01020] wie t020 = <(01) (23)> has orbits {0,1}, 
{2,3}, 01020 ~ 10131 and for all i in {0,1} 
(01020i1]=[0102] 


010202 = 01(02) (13)020 = (02) (13)23020 = 
(02) (13) 2(301)3231 = (021)23231 = (032)2321 
and (2321)" = 0103 where n = (02)(13) E€ N 


[010202]=[0103] 


[0103] Ni? ? OS) = <e> ‘has Orbits. (0): 411). 42), 431 
01030 = (021)23202 and (23202)" = 01020 
where nm = (13) (20) EN 

[01030]=[01020] 


01031 = 0(031)130 = (031)3130 and (3130)" = 
0102 where n = (023) EN 
[01031]=[0102] 


01032 = 0(320)3021 = (320)021 and (021)" = 
013 where n = (213) EN 
{[01032)=[013] 


[012] Ni? 4S ed has: Orbits. 10h, 414, 42 434 
0120 = (012)021 and (021)" = 013 where 
m= (213) EN 

[0120]=[013] 


0202 =. (01) (23) 01012 = (01) (23) 0(123)1303 
= (021)01303 = (023)0313 and (0313)" = 0121 


where n = (123) EN 
[0121)=[0102] 


[0123] NIC} 2h = 21089) > has orbits TL, 10% Oy. 33 
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12 


il 


12 


0123 ~ 3102 ~ 2130 and for all j in {0,2,3} 
[01234]=[012] 


01231 = 01 (231) 2132 = (231) 0132 
[01231]=[0132] 


[013] wie 3) = <e> has orbits {0}, {1}, {2}, {3} 13 
0130 = (013)031 and (031)" = 012 where 
m= (123) EN 


[0130]=[012] 


0103 = 0(132)1202 = (132)01202 = (130)0212 


and (0212)" = 0131 where n = (132) -eE N 
[0131]=[0103] 
[0132] wi? 132) = <(023)> has orbits {1}, {2,3,0} 4 


Ols2- ~~ 2108- S120 and tom all ike ain {2,3,0> 
[0132k]=[013] 


01321 = 01(321)3123 = (321) 0123 
[01321]=[0123] 


The Cayley graph of L2(13) over A, has as vertices the set 
of right cosets of N in G, i.e. the set Nwi, where wi are 
words in T. The diagram below illustrates each orbit of N 
in its action on the vertices by right multiplication which 
is represented by a single node, labeled with the number of 
vertices that it contains. Lines in between these nodes 
are labeled with integers to denote how many edges from a 
vertex of one node will lead to the vertices of the other. 
At this point we can calculate the action of the four 


symmetric generators on the cosets of Il2(13) over Ay. 
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[01020] 


[013] ; [O12] 


Figure 6.1 Cayley Graph of L2(13) over Ay 
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The labeling used for the single cosets of N in G is given 


by: 


om on — food oe iio ies ieee Biome Bae) en I ee Be re ee ee ee De BO oe eB eB oe Be 
(ae) lone) ~O N Nop ANN A OODOODOANTAONN MYON MM 


~ ~ ~ ~ ~ ~~ es NON ~~ 8 ~ ~ rr | 


fe a a a ee Ne SO SO eS Ce Oo SS Ue 


DoANMNTNORMDADHDOWOANMNANUMOPMPADHDOHANMNVYMOUVUOUMADOANMTNMN OO C 
trator OT IT TTPO MONMONNONNONMOMNNOUWOWOOMOOVMOUOUOUOM RRP rrr ee 
ma oe et 
fo) oO DDAODON COONAN DHAN ANN MM 
os Ce es Blo Eee ee Bil oeee Ce te oe — 
x OS 
0) oO CHAONGHANNHMHAMNAMNANNMOGHMOHBHNOMOFHOAMHAM 
ot coco = 
oy O a Oe © »_ s we &e we Re Ye hm & Hw A x 
aalROANDMNNMNDOHMNANDODCONHMOHAHAMOANANNNOMMOON: 
“| O 
Oe ees eee a ee ae eee eae 
CEA [ieee Gate aiee Re wort Bs tee ote ee el ait al ae er fee, Pan 7 2 4 . . a et . 
DANMTAMN MOM DNODOHANMNTNMNNOPRADADOWANCMTYFNUMUOMADHDDWAAN MANO M AWAD 
Q HAD TD TAT TAA AAANNNANNNNANNNOMMYAMNMAMANMNMAMNOYM MY 
© 
4 
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(Oe 205.2 Sa 66. (0, 34-07 1 4 
Ey. Gees o 4 BPs il Tiss cpt. Oe. 
Oy 3c 0, 2s] Bou [Oey dy 09.2) 01] 
[3% 07. 8,025] BO ae eee Oe ey yee 
[89-27 oe tee Ua Begs kp Sp Sy 2] 
[Oi By Ae Cte (20 Bi 64 2404 
DiQe ap 2s: 


The action of the symmetric generators on the cosets of N 


in G is given by: 


to = 


ti = 


t2 = 


C3 = 


(1, 2) (3, 5) (4, 7) (6, 9) (8, 14) (10, 18) (11, 19) (12, 21) 
(13% 22) (15, 24) (16,26): (19, 27) (20,. 32) (23, °34).(25; 
ALpAZo, 48) (30; 49).(33,- 53): (S57 30) (36;7: SO) (37, 95) 
(38, 51) (39, 59) (40, 60) (42, 63) (43, 65) (44, 66) (45, 
61) Cats. S8F (S07. 72)-(o2,° 24) (54y. 16) (57 _- 79) COL, 82) 
(O2) -83).(64, 85): (697-87). (70, TA) Ci y 88) Cio, 69) iT, 
78) (80, 84) (81, 90) (86, 91) 


(1, 3) (2, 11) (4, 8) (5, 28) (6, 16) (7, 33) (9, 35) (10, 23) 
(125-30) (LS, 42) C14, 61) (15, 44) C177. OL) (16, 69) (20, 
89). (217 25) (22,0 TI} AZ, 54) (26, -82).(27 7 86) (sly 741) 
(32, 74) (34, 15) (36). 68) (37, 59) (38, 61) (40,80) (40, 
91) (43, 84) (45, 60) (46, 78) (47, 65) (48, 73) (49, 90) 
(525. Oo (53) 36) (oa 5 903). (38) 80) (Oa,- 12) (64,67) C66, 
89)(70,- 83) (TO, 87) (77, 88) 


(1, 4) (2, 10) (3, 12) (5, 25) (6, 13) (7, 31) (8, 29) (9, 43) 
Gli, 34) Layo SS)-0lS;," 32) (16, SO) (17 32) Cl9y. 73). (20, 
ao) 425 Pt) 227: WS )0285 82) 024, 99) (26,85) (27, -81) 
(20%; TOY (G2, 40) Coo, 80) (38, 98) (595: 64) {al> “oat, 
12) (44, 76)(46; 82) (48, 91) (49; 69) (50, 56) (51, 74) 
(53, 90) (54, 84) (55, 86) (57, 66) (60, 88) (61, 87) (63, 
LOY CG hOB} (6G —- 1S) CL, Bo) 
(1, 6) (2, 17) (3, 15) (4, 20) (5, 34) (7, 40) (8, 64) (9, 46) 
(105.95) lib 2B) (125. ST) Chae 27) (4, 28) 4185%.509: Cis, 
TS) Cy. G2) (2p SB) 422. °43) (23, 79) (24> 70y 25, 80) 
(26% SO C2Z8%. FP) AZ8 Bal (30 Alo Shy. lps. PLES, 
84) (34, 85), (36-7. 42) (37,69) (39, 48) 49 S20 4(9L,- 73) 
(S56, 89) (59, 74) (60,. 76) (65; 83) (06, 66)-(67,- 81) (68, 
86). (ie, 87) (18, 90) C2, 91). 


Representation of Elements of L2(13) 
Every element of L2,(13) can be represented as aw, 
where # iS a permutation of Ay, on 4 letters, and wis a 


product of at most five symmetric generators. 


For example: 


Let Se Cl: sole ee “LG oy Bi Zale oe O Re Vy (89h S25. By BS) 


19, 81, 46, 35, SO) Lig, Gp 207 O07 >.) Sy 203° 83) 


for @ € I2(13), where @ is a permutation on 91 letters. 
Now N* = Na 


= 1” = 51 (Since N is labeled as 1 and 1 goes to 51 
under a) 


N@ = Ntot3ti (Since Ntot3t1 is labeled as 51) 
Na@tit3to = N 


Qtit3to = n, for née A, 


v JY voy 


a = ntot3ti, a symmetric representation for a. 
Now, what is n? 


Ciirsto: = Cly- oly Vp 6, By Sy Ze yay 80y Te 39, 22, -By- 85) 


(Dy. Gay, 21g Vie Tae 6, 18) (10;. 347-22, “65; 79; 
20 Sl ley 7, IS y 638; 08¢" 22 ¢ 525) 418, 8a 21 
O27) Sly esp Seta, Bly 60, (335 (29; 20, 31) 4157 
Gop 19% Sip 26) 35; 66) (1; 86,7, 26;. 50y- 76, Zee 
86) (36, 61, -41, 40, 87, 59; 73).(38). 48; 56,82, 
71, 54, 45) (43, 70, 74, 90, 64, 75, 53) (47, 77, 
49, 91, 89, aa G25 Che. By 2) “Ty (ay oy 15, 28) toy 
ae aes Be CLOy. 23) C29. 30) C13) 42) La. 1) 


(15, 44) (1 si) 8, 69) 420; se ae 29) (227. 19) 
(24, ies 2) (27, 86) (31, 71) (32, 74) (34, 75) 
(36, 68) (3 9) (38, 81) (40, 80) (41, 91) (43, 84) 
(45, 60) (4 8) (47, 65) (48, 73) (49, 90) (52, 57) 
(53, 36) (5 3) (58, 85) (62, 72) (64, 67) (66, 89) 
(70, 83) (7 7) (77, 88) (1, 6) (3, 4G, 15) (4, 
20) (5, sa) 20) 18, 64) (9, 46) (10, ee 38) 
(129-51) TL oo) (16; “S0):(18 75) oie 62) 
(21, 63) (2 3) (23, 79) (24, 70) (25, 80) (26, 35) 
(28, 77) (2 3) (30, 41) (31, 61) (32, 71) (33, 84) 
(34, 85) (3 2) (37, 69) (39, 48) (49, 52) (51, 73) 
(56, 89) (5 4) (60, 76) (65, 83) (66, 86) (67, 81) 
(68, 88) (7 7) (78, 90) (82, 91) (1, 2) (3, "64, 
1 by 9) (8 ; Coens. "18) (11, Tetley 2) Ley 22) 
(L359 24) (1 2OVALT, 279120 5 32) 423, 34). 025, -47) 
(29, 48) 43 AS) (33% 53) 35; 36) (36, 58) (37y. 55) 
(38, 51) (3 59) (40, 60) (42, 63) (43, 65) (44, 66) 
(45, 67) (4 68) (50 72). (5254 TA) (ee, 147457 7S) 
(61,. 82) (6 83) (647. 85) (69; 87) (70% FITS, 88) 
(19% 89) Ct TE) (80, 84) (81, 90) 486; 91) 

= <iq) 


Therefore, the action of @tit3to on the symmetric generators 
is given by: 


Nti = 3 > 3 


Nti 


Nt2e = 4-7 4 


tl 


Nt2 
Nt3 = 6 > 6 = Nt3 


Nto = 2 4 2 = Nto 


LO7 


And so a symmetric representation for @ is given by 


a = tot3ti. 


Permutation Representation of an Element Whose 
Symmetric Representation Is Given 


Given a symmetric representation for any element of 


L2(13), 
on 91 lettters. 


For example: 


we can easily recover its permutation representation 


Let B = (1 3 2)t3 be the symmetric representation of the 


element £ é€ G. 


of the ninety one single cosets of N = 


by: 
action 
Label Single Coset under on 
L. [NJ tee > 
2s (OW RS > 
3. [Ll ]) SHeHeHH > 
4. [2 J) eee > 
5. [1, 0) 9 -ee-=- > 
Oe WS — 9 -SSeee5 > 
7. [2, OO) ee ee-- > 
8. [2, 1]  — seeee- > 
Oe So O)) ~ sererS= > 
10. (0, 2] 9 =eeHH= > 
Vi. PO, PJ) === > 
2a hdpecZls  j- @ees4= > 
13. [3, 2]  -weeHH-- > 
14. PA; dy Of] jj -s==s=s > 
15. [1, 3)  — weene+ > 
16. [3, 1]  -eeH=- > 
17. [0, 3) see ae= > 
18. [0, 2, OJ 9 =H--=- > 


Then the action of #7 = 


CL 3: 2) 


Ag in Le (13) 


€ N on each 


is given 


Single Coset Label 


NPB 
= '= ™» 


~ 


(1, 


~ ~ ~ ~ 


Cra: be et ct ees 4 
FON WWN WO CO 


~ ON ~ 


[0, 
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[N} 


= 1 
= 2 


ll 
POR OW O 


a 


Tes ces eee ee Be eee ee ee ee ee ee ee | 


a a oe a ae or or ae oe es oe ee 


NPOWWHENHFNOFWWHNEFNODOWWONNOWHRWRPORFPOWONFOWHOWNNN WE 
—— 


~ ~ ON ~ ~ ON ~ ~ ~ ON ~ ~ ~ _ ~ oN ~ oN ~ SON Se i i i I ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ “ ~ ~ 


WONNNWWWWWNHNFWENWWNHENRFPRPWRWNNE 


~ SON ONO 
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ONN 


[a ee a a eS 


NOOFREFEHRNFNFOFRFRNNWWHRHRONNDRFPWONWNHWOWONOCHFWONWONEHFEHR EEF W 


~ Ss OSS ~ ~ ~ ~ ~ ~ ~ ~ ~ ON ~ ON ~ ~ ~ SON ~ ~ ~ oN i i! ~ ~ ~ ~ ~ ~ ~ ~ ~ ON ~ ~ ON ~ ON ~ ~ 


WNHNWWHRENRNNNF WN O 


or 


NOWNDNODOENFRFODOOCOF 


i ey 

DNNDFONNWWOKRKFEWHEROEF DOWNER OWNEF W W 

~ oS NON ON ON ON ON ON ON ON ON OR ON ON ON ON ON ON ON ON ON ON ON ON ONS 
Ww 


WRrRPOrRWWRFONDWONTOWNWRERFOANNWWNE 


ima 


—_ 


OFPRFPOWNWONONTDRPOONHNWWOOHHNNEHFE 


bi, in Ci, Ci, i ih, i, A, in, i, i, i, ih, i Vi ite, ie it i, i, Ti, i, i, Se i, i, i | 


~ _ cs ~ ~ ~ i i i i | ~ ~ ON ~~ ON ~ ~ ~ ~ ~ ~ ON ~ ~ ~ ON 


So, a permutation representation for ~# is given by 


(day 24 Zo) Tee 19, 222i 26 yp SZ 234 887 OS Ly 25; 


53) (S30 ,, AL) Caly. 61) ta2 5. Theta; 84) (ody 6a) 1 36y 22) 


Hale 


Proof of Isomorphism 
Double coset enumeration as displayed in Figure 6.1 


that the group defined by the symmetric presentation 


I 


contains a homomorphic image of N 


| N | | | [IN [| | 
— + — + Ft oS Ys a 
[| ree 2" SEN yh Re Nl Eien 
oa so en oe I NI 
es oa | ieee | eer | Ws aaa | Nee ee | 
12 ale ue ie ve ae 12 LA 
= — + eS tH er Het ee te erst lr tC hr 
ae 3 1 1 v 
LZ 12 ay 


1+ 44+ 12+ 124+ 124.12 +124+12+4+4+4+4 6 
= 91. 
As a result, the index of N in G is at most 91. 


Therefore, the order of the image group G is at most 
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shows 


A, to index at most 


O19 (Ne OL. Ter. 1092. 

Furthermore, since the action of both N and the symmetric 
generators on the cosets are well defined, it suffices to 
show that 

(1) to has four images, under conjugation by N 

(2) the three relations hold true within the symmetric 

group So. 

Moreover, the action by right multiplication on the 91 
cosets is implicit in the enumeration, and we can easily 
verify that the image is the projective special linear 
group I2(13). In order to verify such, we need to define 
the linear fractional permutations of the projective line 
Lia( 13). 
The projective general linear group PGL2(q) becomes the 
group of all operations of the form 


ax +b 
cx + d’ 


where a, b, c, d are elements of the field Fy, such that 
ad - bc ¥ OQ, and q = p”, where p is a prime. 
Furthermore, the projective special linear group PSI2(q) is 


a subgroup of PGLlo(q). The group PSl2(q) becomes the group 


of all operations of the form 
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ax + b 
cx + d’ 


where a, b, c, d are elements of the field Fy, such that 

ad - bc = 1, or equivalently with ad - be any non-zero 
square in the field Fy. 

And so, we define the linear fractional permutations of the 


projective line 1L2(13) as follows: 


tT+8 
xX [= Ke 4 = (1, 8, 14) (2, 7, 11) (4, 10, 9) (5, 13, 12) 
T- 
y [ ad = (ly 9, 10) (2, 3) D1L)(4, 14, 38) (6, 13, 22) 
T~ 
+ 
ue) ue "| = r 2) (4, 3) (Dy Ole BOLO, 12) (11, 
t-11 
14). 


We note that the order of the product xy equals 2, and so 
N = <x, y> = Ag, a maximal subgroup of L2(13). 

The permutation to has four images under conjugation by N, 
namely: 

bg Se (ip 2s (ae 2S) op “SCT. SL Tey Cs oe) 

by Sly OY Ze BS, S04) (Sy 20) ly be) 

Coe (ly) hoy A). Op BY Clg: La (9%. LS GLO, Th) 


bag ees Ty aap A295 Gt Sy LOO Ay, TZ ECG, 14) 18 WS) 
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As a result, the action of x and y on {to, ti, tz, t3} is 
given by: 

5 ae 

yr. Aka. Cay Co). 
Now, we need to verify that our relations hold true in 
ha (3) 
Looking at our first relation we can see that 


(EE tee.) 


EA (Lp S38, 4)-(6, 8) (7, 14)-(9,. 13) (20, 21) 


f, oetitotatiol e615 2) Ap 1S) 5, OCT 1B) (10). 12) (11, 1a) 


= to 
t,ftotetatotetato) = (1, 5) (3, 4) (6, 8) (7, 14) (9, 13) (10, 11) 
Ss es 
ty totatstotatito) = (1, 11) (2, 9) (3, 10) (4, 12) (6, 14) (8, 13) 


= LS: 
Thus, totatitotetito acts as the permutation (0 2 1) on the 
symmetric generators, that is 
totatitotetity = (0 2 1) 
= Egtiteto => (0 -) 2) tptsta. 


Therefore, our first relation holds true in Il2(13). 
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Similarly, looking at our second relation we can see that 


t{totatotstotite) - (4, 6) (2, 8) (3, 9) (4, 7) (5, 10) (12, 14) 
at. 

g,{totrtotatotite) = (1, 2) (4, 13) (5, 9) (7, 8) (10, 12) (11, 14) 
= to e 

t,totrtotatotito) = (1, 11) (2, 9) (3, 10) (4, 12) (6, 14) (8, 13) 
Ses 

t{Totatotitotate) — (1, 5) (3, 4) (6, 8) (7, 14) (9, 13) (10, 11) 


Thus, totitotitotito eee as the permutation (0 1) (2 3) on the 
symmetric generators, that is 
Cobitotitotator = 4.0: Ly 2= 3) 
=> totitoti = (0 1) (2 3) totito. 


Therefore, our second relation holds true in L2(13). 


Looking at our third relation we can see that 


tftotatetatatotits) — (1, 6) (2, 8) (3, 9) (4, 7) (5, 10) (12, 14) 
es 

t,(rotatatstatotats) = (1, 5) (3, 4) (6, 8) (7, 14) (9, 13) (10, 11) 
Ags 

t{totatatatetotats) — (1, 2) (4, 13) (5, 9) (7, 8) (10, 12) (11, 14) 
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p,rotatatetatotats! = (1, 11) (2, 9) (3, 10) (4, 12) (6, 14) (8, 13) 
= ts 
Thus, toptytet3teatotit3 acts as end permutation (0 1 2) on the 
symmetric generators, that is 
totitet3tetotit3 = (0 1 2) 

=> totitet3 = (0 1 2) t3titote. 
Therefore, our third relation holds true in L2(13). 
Since our relations hold in 1L2(13), N is maximal in L2(13) 
and to ¢ N, where to has 4 conjugates under conjugation by 
N, then L2(13) is generated by N and ty. Therefore, L2(13) 
is an image of G. As a result, |G| 2 be (13) | = 1092. 
But from previous we know that |G] < 1092, and so 

[IG| s 1092 = |12(13)| s IGI, 


which proves the isomorphism. Hence G = 12(13). 


Lad 


CHAPTER SEVEN 


SYMMETRIC REPRESENTAION OF L2(41) ELEMENTS 


Introduction 

In this chapter we will show that the group 12(41) is 
generated by 6 involutions which are permuted, by 
conjugation within L2(41), by a subgroup isomorphic to 
L2(5), and that each element of L2(41) can be written (not 
necessarily uniquely) as a permutation of I2(5) on 6 letters 
followed by a word of length less than or equal to five in 
these generators. 


Factoring the progenitor 2*© : Le(5) by the following 


relations 
[OT 2-3 Atel’, Pe 1y 2 Byte, 
totitetp = (0 © 2 4 3) tatotits, totitet.t3 = (2 4) (3 ©) t3t.tyteta, 
totatetat, = (1 4) (2 3)tatstotitz, [(0 3 2) (1 © 4) totitotito]? 


yields the finite homomorphic image: 


2 Bsus) 
PCO Os AG. eter OFA 4 Sy ET, 
Er (008 2.0 Ste tee tee a2 4) (3 ey tee 
[(0 3 2)(1 @ Ae ie te, tyt,t,t.t, = (dr 2) (2-8) RCo c es 
where L2(5) is maximal in L2(41) and the index of L2(5) in G 


equals 574. Ge ie (4154 the projective special linear 


group. 
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A symmetric presentation for the above image is given by: 
Le pELROOR YoSr eye ae. Bose. We Cy ee et 25 Ng 
Ep eOS OLY Oe ARO Sy gs CEOS. Gye (ye 2 er, 
CAL RPC e) StS (ay 2) OL Ee ea EEK CeO 
ESE ORES (S92) FEO yO ye (23) Sky) R38) AO) 
Ee (ye) SEO REE (O72) SEO Cd ee Eee (eZ) ee ye) 
COCR Sey tye Pe POS) Fee 
TA (ROD) LYRE yA RK) PEEP RP EREPTR PEAS, 

where N = L2(5) = <x,y|x*5, y*3, (x*y)%2>, 

and the action of x, y on the symmetric generators is given 

by 

x ~ (0 1-2 3° 4) 


you foo 0 1) (2 43). 


Double Coset Enumeration 
The double coset [0] has 6 distinct single cosets, namely 
Nto, Nti, Nte, Nt3, Nt4g, and Nt... Meanwhile, the double 
coset [0 1] contains 30 distinct single cosets, where wie 2) 
has orbits {0}, {1}, {2, 4}, and {3, ~}. 
The double coset [0 1 2] has 60 distinct single cosets. 


Now, expanding the relation [(0 1 2 3 4)to]’ = 1 yields: 


(m@to)’ = 1, where w = (0 123 4) EN 


6 5 4 


Ss Aer ey aay ey er ere) S41" 


19 


CL B02 Aye eee eS J 


S| tytytsty = (1. 350-2.) te, (1) 


=> Ntotitet3 = Ntyitota, 
but Ntyitot, € [0 1 2] (since (Ntztot4)” = Ntotito, 


where m = (0 1) (2 4) E€ N). 


Therefore, [0 1 2 3] = [0 1 2]. 

Similarly, [0 1.2°17 = [0-2 0"2]. 

Now, looking at the relation totitetp = (0 ~ 2 4 3)ta4totit,s we 
have: 

totiteato = (0 @ 2 4 3)tytotit, 

=> Ntotiteto = Ntgtotitas 

Se (Negi ytgeg) © POS NE gepte eee 
=> Ntitet3tz, = Ntotytoto 

=> (Ntitetst,) 7° °° = (Ntotiteto) +79 4% 
=> Ntatgtat2 = Ntitot3ti 

=> (Ntgtstat2) 774° = (Ntitetst,)% 77247 


=> Nt3ztatot3 = Ntat3tato. 


Therefore, Ntotiteto = Ntatotitg = Ntytet3ti = Nteot3tyte 
Nt3tqtot3. 

The double coset [0 1 2 0] contains 5 * 4 *« 3 *« 1 = 60 

single cosets. But since Ntotiteto, has five names, then the 


number of distinct single cosets in [0 1 2 0] turns out to 
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be 28 = 12. 
5 


Now, applying t, to Ntotitato = Ntit2t3ti yields: 


Ntotjitetoti = Nt ,tet3titi 


= Ntitot3, 
but Ntitet3 e€ [0 1 2] (since (Ntitats)" = Ntotit2, 
where mn = (1 0 43 2) EN). 
Therefore, [0 1201] = [0 1 2]. 


However, since N!°1?° has orbits {0, 1, 2, 3, 4} and {=}, 
then [0 12 0 i] = [0 1 2] for all i‘in {0, 1, 2, 3, 4}. 
Now, Ntotitetot. may be written as 


Ntotitetot. a Nto (2 o 1 0 3) totits 


= Nts3tatits, 
but Nt3tetit3 € [0 1 2 0] (since (Nt3tgtit3)" = Ntotiteato, 
where m = (1 2)(3 0) € N). 
Therefore, [0 12 0 ~] = [0 1 2 OQ]. 


The double coset [0 1 2 4] contains 60 single cosets 
Now, Ntotitetat; may be written as 
Ntotitetat1 = Nto(2 4 1) (@ 0 3) titate 
= Nt3titato, 
but Nt3tityate e [0 1 3 4] (since (Nt3titgt2)" = Ntotit3ta, 
where mn = (2 430%) EN). 


Thererore;, 90: 29.4) dye. [Oo 1s As 
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Now, totiteatate can be written as 


totitotate = to(1 3 oo } (2 0 4) tatotato 


(1 3 co ) (2 0) A) tCatatotat. 


(1 3 ©) (2 0 4) tot4te, 
but totat. € [0 1 3] (since (totate)™ = totit3, 
where mn = (1 2°» 3 4) € N). 
Therefore, [0 12 4 2] = [0 1 3]. Similarly, [0 1 2 4 3] = 
[0 12°e 4], [0 12 4] = [0 101], and [0 12 4 0] = 
[O 10 2). 
The double coset [0 1 2°] has 60 single cosets. 
Now, Ntotitet.t; may be written as 


Ntotiteto.ty = Nto (2 bs 1) (4 3 0) titete 


= Ntytitt2, 
but Ntatyt.t2 € [0 1 2 &] (Since Ntgtit.t2 = Ntotitet., 
where m = (2 ~) (4 0) & N). 
Therefore, [0 12°1] = [0 12 ~]. 


Now, totitgt.to may be written as 


totitet.to = to(l1 ~ 4 2 3) tot3t.t2 


(1 o A 2 3) Cotot3to.te 


tl 


(1 © 4 2 3)t3tete, 
but t3tete2 S [0 1 3] (since (t3tt2)” = totit3, 


where m = (1 4 ~) (2 3 0) E€ N). 


A 


Therefore, [0 1 2-0] = [0 1 3]. Similarly, [0 12 ~ 2] = 
(Oe. 33s 

Now, looking at the relation totitet.t3 = (2 4) (3 ©) t3tatitet, 
we have: 

totytatet3 = (2 4) (3 ~) tstatitet, 

=> Ntotitet.t3 = Ntzt.t tet, 

> Neg tte rets) Ne OO? ea Nee eto ys Tee! 

=> Nt3tetiteta = Ntgteatetito. 

Therefore, Ntotitetat3 = Nt3t.tytet, = Ntatetatito. 

As a result, double coset [0 1 2 » 3] contains 20 distinct 

single cosets, each with three names. 


Now, applying to to Ntotitet.t3 = Ntgteot.tity yields: 


Ntotitetot3to = Ntgtetatitoty 
= Ntyteot.ti, 
but Ntgtotaoty Ee [0 1 2 co | (since (Ntgtotet ,)" = Ntotitote, 


where m = (1 ~ 2)(3 4 0) EN). 
Therefore, [0 1 2° 3 0] = [0 1 2 ~]. 
However, since N° +273) has orbits {l, 2, -} and {0, 3, 4}, 
then [0 1 2” 3 j] = [0 1 2 6) for allay an. 40; Se. 4) 
Simi ben by) «(0 31: 20: Sky LO 1 SA shor eu en: sy 


co}, 


2s 


Now, looking at the relation totytet.t, = (1 4) (2 3) tatz3totito 
we have: 

totitetatg = (1 4) (2 3) tat3totite 

=> Ntotitetoty = Ntat3totite 

=> (Ntotitgtets) "974% = (Ntgtstotit,) "224% 

=> Ntet.atyt3to = Ntotitetety. 

Therefore, Ntotitatet, = Ntgt3totit2 = Ntototyt3to. 

As a result, double coset [0 1 2 ~ 4] contains 20 distinct 
Single cosets, each with three names. 

Now, eas to to Ntotitet.ty = Ntogt.tyt3to yields: 


Ntotite2totyto Nt2tetygt3toto 


Ntotatat3, 
but Ntegt.tat3 € [0 1 2 @] (since (Ntgtetgyt3)" = Ntotitete, 
where m = (1 3 ~)(2 0 4) EN). 
Therefore, [0 12°40} = [0 1 2 ©}. 
However, since N'°*+4*"* has orbits {1, 3, ~} and {2, 4, 0}, 
then [0 1 2°72 4m] = [0 1 2 ~] for all min {0, 2, 4}. 
Now, toptitatetaty = toti(m 1 2 4 O)tetoty 
= (9 1 2 4 0) taotetatetg 
= (1 2 0 © 3)tatet3ta, 
but tatet3t~. € [0 1 2 4] (since (tgtot3t.)" = totiteta, 


where mn = (1 3 2) (4 5 0) E€ N). 
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Therefore, [0 127° 41] = [0 1 2 4], which implies that 
[0 1 2° 4p] = [0 1 2 4] for all pin {1, 3, -}. 

The double coset (0 1 3] has 60 single cosets. 

Now, expanding the relation [(»= 0 1) (2 4 coe ott me = | yields: 


(at.)’ = 1, where a = (~ 0 1)(2 4 3) 


SC e102 Se eee a 


Sl wr 02 2 Sy tet See | 2) 


=> Ntwtytot. = Ntetoti. 

Conjugating (2) by (2-0 3 4) € N 

SS (h O13)(6 Oo Ate, = eet, 

=> Ntotit3to = Ntot3ti, 

but Ntot3t: € [0 1 3] (since (Ntot3t1)" = Ntot ,t3, where 
where m = (1 3)(2 ~) é€ N). 

Therefore, [0 1 3 0] = [0 1 3}. 


Similarly, [0 1 3 1] 


POec 2 0 3 yy- (OL 32) =: [0 L-2 ey 


and [0 1 3 &] 


I! 
nae 
(oe) 
= 


2 4). 
The double coset [0 1 3 4] has 60 single cosets. 
Ntotit3t4t; may be written as 
Ntotitstyt, = Nto(3 4.1) (0 = 2) titaty 
= Ntotitats3, 


but Nt.titats i [0 1 2 4] (since (Ntotytat3)™ = Ntotiteta, 
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where mn = (2 - 0 3 4) EN). 
Therefore, [0 13 41] = [0 1 2 4]. 
Now, totit3tato may be written as 
totaitatato = to(1 0 3) (= 2 4)titetots 
= (1 0 3) (@ 2 4) t3titatots 
= (13 0 2 4)tit3t.t3 
= (1 6 2) (3 4 0)tot3teata, 
but totg3teat2 € [0 1 0 2] (since (tgts3tat2)" = totitote, 
where 7m = (1 42 0 3) E€ N). 
Therefore, [0 13 4 0] = [0 10 2]. 
Now, totit3t4t3 may be written as 
Eotitztat3 = to(1l 2 0) (3 @ 4) tyatatyato 
= (1 2 0) (3 © 4) titatatyto 
= (1 3 0 2 4)totatot3to 
a O01 2, A) (8 0) Bptecota, 
but totetoty, € [0 1 0 3] (since (totetota)” = totitot3, 
where mn = (1 °)(3 4) EN). 


Therefore, [0 1 3 4 3] 


[0 1 0 3]. 

Similarly, [0 1 3 4 2] = [0 1 2 » 3] and [0 13 4 »] = 
[0 1 2 @]., 

The double coset [0 1 0] has 30 single cosets, where n° ?}® 


has orbits {0}, {1}, {2, 4}, and {3, ~}. Meanwhile, the 


double coset [0 1 0 2] has 60 single cosets. 
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Now, tptitoteti can be written as 


Cotitoteti 


to(1 3 2 4 ~)tatitot, 

= (1 3 2 4 &)totatitots 

= (1 © 3.0 4) tatotetatg 

= (1 0 ~) (2 3 4) tatit.toto 

= (1 0 ~) (2 3 4)tgtite, 
but tatit. € [0 1 2] (since (tgtrt.)" = totits, 
where m = (2 ~)(0 4) e€ N). 


Therefore, [0 1 0 2 1] 


POMS .2ile 


Similarly, [0 1 0 2 3] 


[0 1 3 4] and [0 10 2 4} = 
(Oo 2.0: Ass | 
Now, totitotet. can be written as 
Cotitotat. = to(0 -@ 1 2 4)totity 

= (0 © 1 2 4) tatotit, 

= (2 0 4 © 3)tetatyto, 
but utes: € {0 1 2 4] (since (tetetgto)” = totyteta, 
where mn = (1 0 4 2) é€ N). 


Therefore, [0 1 0 2 &] 


It 


[0 1 2 4]. 


Similarly, [0 1 0 2 0] 


PO: 2. 102 3) hs 

The double coset [0 1 0 3] has 60 single cosets. 
Now, Ntotitot3t1 may be written as 

Ntotitot3t, = Ntg(3 1 0) (2 4 ©) tyt3to 


= Nt3tit3to, 
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but Nt3tit3to E [0 1 0 3] (since (Nt3tit3to)” = Ntotitot3, 
where mn = (3 0)(4 ~) EN). 


Therefore, [0 1031] = [0 10 3]. Similarly, [0 1 0 3 2] 


tl 


= [0 10 3], [0 10 3 &] [OL Siig (O° 2.0: S07 =: [0° 1.0 
2); and (0: 10-34). = [@ 1.3.4]. 

The double coset [0 1 0 1] has 30 single cosets, where 

[Oo oO: 22) = LO a 2 ale and: PO dO: TS a0" Lb -0 2 I. 
However, since N'1°) has orbits {0}, {1}, {2, 4}, and 
135 hp Een ee. ah ap) ee: Os sah or el. ce sa ee iy 
and [0 101 er] = [0 1 0 2] for all rin {3, ©}. 

Now, expanding the relation [(0 3 2) (1 » AV tetrtotatol? = 1 
yields: 

He. Cegtaeeta te)” Cogtitietites = hy. Wheres = 10: So ae ay 

=> (0 2 3) (1 4 ~) t3tat3t.t3totitotito = 1 

> totitotito = (0 2 3) (1 4 ~~) t3t.t3t.t3 

=> Ntotitotito = Nt3t.t3t.t3 

=> (Ntotitotyto) 472 3% = (Ntztetgtaty) 2722 3% 


=> Ntotgtetate = Ntotytotity 


=> (NEstatstges tt 3) (2° 0) _ (Ntotitotits) “4 3) (2 & 0) 
> Ntatgtatgt. = Ntotgtatate 
=> (Ntstgtetgt.) 473% = (Neotatotgts) 472 3% 
=> Ntitotitoti = Nt3t.t3tots 
= Ne peptitgeg) ee ee = (Ntgtetztats) (47) (2 3 0) 
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=> Ntatetatlat, = Ntotitotito 
Therefore, Ntotitotito = Ntatatatagte = Nt3tot3t.t3 = Ntot3t.t3t. = 
Ntytotitots = Ntgtetgtet,. 
As a result, the double coset [0 1 0 1 0] contains 5 
distinct single cosets, each with six names. 
Applying ti to Ntotitotito = Ntitotitot; yields: 
Ntotitotitot, = Ntyztotitotiti 
= Ntytotito, 
but Ntitotito € [0 1 0 1] (since (Ntitotito)™ = Ntotitoti, 
where mn = (0 1)(2 4) E€ N). 
Therefore, [0 10101] = [0 101]. 
However, since N'°1°1°% has orbit {0, 1, 2, 3, 4, ~»} then 
PO: 2.0. Loe] = [0.1 OL] for ali sin (0, Bye 2) 3)-47. 3). 
The set of all double cosets [w] = NwN, coset stabilizing 
subgroups N™, and the number of single cosets are 
exhibited in Table 7.1. The table shows that the Cayley 


Graph of G over N has the form as displayed in Figure 7.1. 


Table 7.1 The Double Cosets [w] = NwN in G, 
Where N = L2(5) 


Number 
Reason of single 
cosets 


N is transitive 


[0] N°? = <(12) (4~), (14) (23))> has orbits {0}, 6 
tay 2p Sy Ay Dye} 


19 


[01] niet) = <(24) (3@)> has orbits {0}, {1}, 
Legs Algo ASy Sh 


[012] wet?) = xe> has orbits {0}; {1}, {2}, 131; 
{4}, {7}, 0123 = (13024)104 and (104)" = 
012 where n = (01) (24) EN 

[0123]=[012] 


0121 = (03) (124)414- and (414~”)" = 0102 
where m = (2°) (40) E€ N 
[0121]=[0102] 


[0120] wi t2 = <¢(12340)> has orbits {=}, 
£0 gr 2) By. Aly. 0120) A014 = 1291 <: B349 
~ 3403 and for all i in {0, 1, 2, 3, 4} 
[0120i]=[012] 


Q120° = Q(2~) (03)213 = (2”103)3213 and 
(3213)" = 0120 where nm = (12)(30 € N 
[0120"]=[0120] 


[0124] Wit te") = ge> Was -ofbits 10). {il} (2h) 13h; 


{4}, {7}, 01241 = 0(241) (~03)142 = 
(241) (°03)3142 and (3142)" = 0134 where 
mt = (2430~”) E N 

[01241j]=[0134] 


01242 = 0(13=) (204) 404~ = (13%) (204)04” and 


(04~)" = 013 where n = (1234) e€ N 
[01242]=[013] 


01243 (1324°)~93140 and (~3140)” = 0124 
where m = (123) (047) EN 
[01243]=[012~-4] 


0124~ = (0) (23)4141 and (4141)" = 0101 
where m = (*2) (04) Ee N 
{0124@]=[0101] 


01240 = (02413)4"41 and (4~41)" = 0102 


where m = (1240”) EN 
{01240]=[0102] 


130 


30 


60 


12 


60 


[012%] 


wie +2) = <e> has orbits {0}, 
{4}, {*}, 


tle Abe. Gory 60 
Q12@~1 = 0(2~”1) (430) 1°2 = 
(201) (43)41"2 and (41°2)" = 012° where 
Tm = (2~) (40) Ee N 
[012°1]=[012@] 


0120 


0 (1°423) 03@2 
= 013 where n 
[012~0]=[013] 


(1°423)3"2 and (3@2)” 
= (14%) (230) EN 
012—2 = (02) (134)3—"40 and (3~”40)" = 0134 
where n = (12~) (304) Ee N 
[012°2]=[0134] 
[012~3] 


nio i 2% 3) 


<(1~”2) (340)> has orbits 20 
{l, 2, -}, {0, 3, 4}, 0123 ~ 37124 ~ 4210 
and for all j in {0, 3, 4} 
OLZs7 = (0l2e] 
012°31 = (0421”) 3204 and (3204)" 0134 
where m = (12) (30) € N 
[012°31]=[0134] 


[012-4] y(0 22 4) 


20 


<(13~”) (204)> has orbits {1, 3, ~}, 
{0, 2, 4}, 0124 ~ 43012 ~ 2”430 and for all 
k in {0, 2, 4} 
[012~4k]=[012~] 


01241 


= 01(°1240) "20 = (91240) -220 
(120%°3)423~ and (4230)" = 


0124 where 
n= Ee N 


(132) (40%) 
[012"41]=[0124] 


[013] 


NOP oS) ee has -orbite: {Or 
{4}, {*}, 0130 

013 where n 
[0130]=[013] 


{l}, {2}, {3}, 60 
(130) (°42)031 and (031)* 
= (13) (2°) e€ N 


0132 = 
T= 


(03%14)2431 and (2431)" 
[OL32) =[01 2%) 


(1-4) (203) Ee N 


012” where 
013° = 


(O71) (423) 02°1 and 
where n = (1432) 


(Q21)” 
eN 


0124 


dL 


[013@]=[0124] 


[0134] NOt! ce eet Hes orbits: (0). Lids 1202 - (3h: 
{4}, {>}, 01341 = 0(341) (0~2)143 = 
(341) (0*2)"143 and (#143) = 0124 where 
m = (2-034) € N 

[01341]=[0124] 


01340 = 0(103) (~24)1203 = (103) (~24) 31203 = 
(13024)13°3 = (1~”2) (340)2324 and (2324)" = 
0102 where nm = (14203) EN 

[01340]=[0102] 
01343 = 0(120) (3%°4)4—40 = (120) (3”4)14-40 = 
(13024) 04030 (124) (3”0)0°04 and (0”04)" = 
0103 where n (1~) (34) E N 

[01343]=[0103] 


01342 (0°243)0"214 and (0”214)" = 0123 
where nm = (1~) (24) EN 
[01342]=[012~3] 


0134" = (023) (14) 42@1 and (42@1)" = 012% 
where m = (1”@2) (340) Ee N 

[0134~]=[0120] 

[010] nO 1 = <(24) (3@)> has orbits {0}, {1}, 
Leg ae Ay! Pf 

[0102] is OS)  ee> has: Orbits: (0 betas 2k ASix 
{4}, {}, 01021 = 0(1324~) 4104 = (1324”)04104 


= (1”304)402"0 = (10”) (234)41° and (41”)7 = 
012 where m = (2~”)(04) EN 
[01021]=[012] 


01023 = (04) (132)3412 and (3412)" = 0134 
where nm = (13024) éEN 
[01023]=[0134] 


01024 = (021) (4~3)3131 and (3131)” 
where = (03) (4") EN 
[01024]=[0101] 


0101 


oq 


LZ 


60 


30 


60 


0102~ = 0(0°124)014 = (0°124)°014 = 
(204”30)~240 and (~240)" = 0124 where 
m= (17042) é€ N 

[0102@]=[0124] 


[0103] hits 2 is fem as orbits. Tob, Ci £2}y ois 


{4}, {-}, 01031 = 0(310) (247)130 = 
(310) (24~) 3130 and (3130)" = 0103 where 
tm = (03) (4") Ee N 

[01031]=[0103] 


OL03 2 (03) (12) 0103 
[01032]=[0103] 


0103%° = (01) (432)4-0 and (4”0)" 
where = (1403) é€ N 
[0103~"]={013] 


01030 (01) (24)0304 and (0304)” 
where = (1~423) EN 
[01030]=[0124] 


01034 (014) (~34)0"43 and (0”430" 
where = (le) (34) EN 
[01034]=[0134] 


[0101] wie +94) = ¢(24) (3©)> has orbits {0}, {1}, 
{2, 4}, {3, ~~}, 01012 = (42) (~3)41”0 and 
(41°0)" = 0124 where n = (2~”)(04) EN 
[01012]}=[0124] 


01013 = (023) (14”)"1°4 and (~1~"4)" = 0102 
where m = (2”034) € N 
{01013]=[0102] 


[01010] wf 2020 = £(24) (30), (143) (200), 
(14) (230)> has orbit {0, 1, 2, 3, 4, ©} 
01010 ~ 10101 ~ ~3030 ~ 30303 ~ 24242 ~ 
42424 and for all min {0, 1, 2, 3, 4, »} 
[01010m]=[0101] 
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BET 


Figure 7.1 


[01010] 


Cayley Graph of L2(41) 


[0102] 


over Le(5) 


The Cayley graph of L2(41) over L2(5) has as vertices the 


set of right cosets of N in G, i.e. the set Nwi, where wi 


are words in T. The diagram above illustrates each orbit 


of N in its action on the vertices by right multiplication 


which is represented by a single node, labeled with the 


number of vertices that it contains. Lines in between 


these nodes are labeled with integers to denote how many 
edges from a vertex of one node will lead to the vertices 
of Che Other 

At this point we can calculate the action of the six 


symmetric generators on the cosets of L2(41) over L2(5) (see 


Appendix B) for the labeling used). 


The action of the symmetric generators on the cosets of N 
in G is given by: 
toe hy 2) Coe Tay 
(14°32) (15; 
44) (22, 46) (23, 
(29, S64) (Sly 62):(33; 
81) (43, 89) (45, 
(56,) 121) (58, 
64, 137) 
156) 
) 
) 


9) (5, 
34) (17, 


10) (6, 
37) (18, 
48) (24, 


11) (8, 
39) (19; 
49) (25, 
GT} (35, 
94) (47, 
127) (59, 
139) (66 
156). (C15; 
(B3 
(91 


16) (12, 
41) (20, 
50) (26, 
71) (36, 
97) (53, 
96) (60, 
141) (68, 


28) (13, 
42) (21, 

Slt 2 1g 32) 
d2) (38, be) ae, 
84) (54, 117) (55, 119) 

130) (61, 132), (63% 135) 
144) (69, 146) (70, 148) 
LOO) (TE, LOG) Cie, 168) 79,. L403 
177) (85, 180) (86, 182) (87, 184) 
T29)-( 92) LOSINIS, 195) (95e-1276) 
ZU9)ALOS) 
217) (108, 219) 


30) 


Li2 
186 
202) 
210) (104, 


175) 
190) 
204) (100, 
211) (105, 


(65 
(74 
(82, 
(90, 
(99 205)(1 01; 
213) (106, 


207): 102, 
215) (107) 


220) 
228.) 
246) 
258) 
277) 


(140: 
(115), 
(133. 
(133, 
(1422 


221) 
229) 
214) 
216) 
281) 


(lil, 
(116, 
(124, 
(134, 
(143, 


Das) 
230) ( 
206) ( 
262), ( 
244) ( 


135 


(it2y 


225) (113, 
239). (1204 
247) (128, 
Pp LLIBs 
) (147, 


267 
286 


2201} 
241) 
252) 
ZI2) 
292) 


(bao, 294) (1905) 295) (151, Let) Cl s2) 296) (153,- 297) 
(154, 257) 4159, 298) (15%; 256) (159, 243) (161, -309) 
(162, 310) (163), 311) (164, 192) (165, 312) (167, 317) 
(169; 322) (171; 326) (173, -329) (174, - 330) (176, (333) 
(178, 338) (179, 339) (183, 343) (185, 346) (187, 349) 
(188, 390) (169). 361) (191). S54). (104, 358)-(196, 361) 
CLOT 204) COR, SOs) (199,342 (200.5. 238 (201 Bea) 
(203, 366) (208) S73)(212, 377). (218) 268) (222, 231) 
(224, 396) (226, 401) (232, 348) (233, 409) (234, 411) 
(236, 413) (237, 415) (239, 417) (240, 419) (242, 287) 
(245, 422) (248, 356) (249, 429) (250, 430) (251, 431) 
(2007 633) (2947 435) (255,321) (259, 436). 4260, 441) 
(261, 320) (263, 389) (264, 444) (265, 446) (266, 448) 
(270,. 273) (271, 452) (274, 383) (275, 313).(276; 455) 
(278, 457) (279, 458) (280, 459) (282, 462) (283, 293) 
(284, 369) (265, 370) (288, 328) (289, 385) (290, 386) 
(291) 467) (299, 471) (300,. 424) (301,475) (302,.. 352) 
(303, 479) (304, 331) (305, 316) (306, 482) (307, 477) 
(308, 468) (314, 491) (315, 478) (318, 493) (319, 382) 
(823 466) (327,499): (332,. 502) (334,. SO5I4(835; 1506) 
(336, 423) (337, 2071) (340; “510) (341, 403) (3445; 514) 
(345, 408) (347, 407) (353, 416) (355,. 518) (357, 519) 
(299; S20) (3-60) S21) (3655-376) (3677 4232)(368;: 524) 
Koil, SIr)(Si2, 204) (314). 527) (3155 525) (378; 495) 
(379, 329) (380, 530) (381, 492).(384, 390) (367; 398) 
(380. 401). (391, S34)1392, S35) (393,- S36)( 395, 515) 
(397, 449) (399, 540) (400, 541) (402, 509) (405, 542) 
(406, 543) (410, 545) (412, 546) (414, 501) (418, 494) 
(420, 480) (421, 500) (425, 549) (426, 550) (427, 551) 
(428, 552) (437, 537) (439, 556) (440, 557) (442, 456) 
(443, 503) (445, 453) (447, 469) (451, 562) (454, 496) 
(460, 563) (461, 564) (464, 522) (470, 566) (472, 547) 
(473, 567) (474,, 568) (483, 561) (484, 523) (485, 488) 
(486, 489) (487, 497) (490, 548) (498, 572) (504, 571) 
(S085 “SOO Co Loge O38) (als 573 (SG 54a Col Soa) 
(S265. B39) (S287 OSL) (532, "540) (533; S69( 503. 565) 
(998; 574) (559; 560) 


(1, 3) (2, 17) (4, 23) (5, 13) (6, 12) (7, 63) (8, 18) (9, 82) 
Cle BOY Tg. Osa. Age Ss SOC e. TIT CO. ho) 
(207-78) (21, 151)C22>- 68) (24, 187).(25,- 86) (26; SS) 427, 
Be) ACO COT PV C28 yo 08). C30» 204) (31 Hoa) (327. 2737 C335 

LOEP 4345. 2873S. 108) (36, 738) (374. 303) (S87 FI1)-(39, 
284) (40, 83) (41, 114) (42, 344) (43, 91) (44, 336) (45, 
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102) (46, 61) (47, 98) (48, 367) (49, Seehe eres Ree ee 
390) (o24 897) (55, 24) (86, 232) (5 105) (6 209) ( 
LO8)(Ga, 449) (66, 269) (67, 250) (6 SoZ) 264) ( 
AGSIAI2Z;, 346) (74, -121). (1a, 283) (7 482) (79, 184) ( 
GLO) (81, £62) (84, A273) (85, 335) (8 376) (88, 262) ( 
APD) (Op OL) CIS 5 LAS) L948 BSl) 19 SL) (9 B27). 4 
AVG) 499, 153) 4100; 347).(103y onion aye oe. 2 
(109,. 450)-(110;. 387) (112, 407):(113,.-259):(115, 178) 
(LIG, 232) (L177. 497) (218, 238)-t119,.. 286) (120; 404) 
(123% Sl2jAle4,- 202) (125, 248) (126; 249) (127, 358) 
(129, 255) (130, 188) (131, 423) (132, 495) (133, 424) 
(134 2O3)(135, 479) (136, 26b) (137). S71) (138) 274) 
(139, 490) (140, 278) (141, 354) (142, 315) (143, 282) 
(144, 205) (145, 288) (146, 217) (147, 240) (148, 285) 
(149, 171) (150, 384) (152, 444) (154, 299) (155, 300) 
(156, DL6) (157, S04 )(156,. S81) (159,. 438): (160;.- 422) 
(162,.°350).(163, 359) (164, 313). (165; -314) (166,. 457) 
CL67>° 318) (168,°. 257) 4169, 323) (172. 2901193, TOL) 
(L74, 331) (1975, 388) 4176, 334)4177,. 548) (179, 330) 
(180, 460) (181, +340) (182). 218) (183). 345) (185, 236) 
(186, 234) (189% 267) (190, 239) (192. 355) (193, 427) 
(194,470) (195 272) (196,412) (197, 296) (199% 391) 
(200, 464) (201, 365) (203, 301) (204, 544) (206, 279) 
(207, 923) (208, 374) (210, 230) (211, 245): (212, 378) 
(213% 491) (214, 246) (215; S21) (216; 383) (219, 419) 
(221, 536) (222, 394) (223, 420) (224, 398) (225, 543) 
L220, S02) (22 ip  S42)( 2287. 260) (229) .5531:( 23355534) 
(235, 485) (243, 329) (244, 487) (247, 521) (251, 554) 
(252, 496) (293, 364)( 256, 395) (258, 567) (261, 349) 
(2657 333) (266; ALS) (270, 458) (275, 443) (276, 431) 
(277, 447) (280, 434) (281, 530) (291, 343) (292, 306) 
(293%, S12) (aAed.. APT P1295): S10) (302, 426) (205, 371) 
(307, 405)( 308) 560) (309, S12) (S11, -322) (316; 564) 
(Sih, 392) (320;" 403) (S24,. 565) (S257 465): (326, 572) 
(326, O29) (33-77. 493) (338, 349) (339; 3:70): (347. 529) 
(348). 399) (393%) 338) (396, “SOT (3515. S14) (360,-' 501) 
(361, 559) (362, 515) (363, 403) (366, 499) (368, 463) 
(369, 4217) (373, S96) 4379, 414) (380,. 494):(385;, (506) 
(386, 393) (389, 400) (396, 451) (401, 573) (402, 468) 
(406, 496) (408, 532) (409, 466) (410, 429) (411, 569) 
(415, 481) (421, 483) (425, 476) (428, 508) (430, 471) 
(432, 484) (435, 480) (436, 489) (439, 500) (440, 454) 
(441, 563) (442, 474) (445, 446) (448, 527) (452, 558) 
(453, 531) (455, 535) (459, 555) (461, 518) (467, 526) 
(472; 551) (478, 561) (486, 520) (488, S41) (492, 570) 
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514) (503, 


(498, 542)-(502, 945) (504, 568) (505, 509) 
(oO T,. S47) (ols; 962) (519, 550) (522 5-'533) (524,552) 
(528, 546) (539, 540) 

(1, 6) (2, 47) (3, 36) (4, ae (5, 29) (7, 245) (8, 26) a 
253). (10, -236) ( 291) (1 134) ( eee 216 
LLG) LG, 208) rr 206) ( L768) C2 143 
208) (22, 128) (23, 222)(24, 191) ( 167): (2 181 
241 )-(30,.-374) (31, 201) (32,. 353) ( 114) (3 370 
136) (37, 242) (39, 344) (40, 154) ( 295) (4 210 
164) (44, 441) (45, 125) (46, 523) ( 197) (4 390 
LOZ) Col y. 20) (52,234) (53, 41454, 482)(5 f 487 
LOS) 097, 947) (58,434) (59> 538)-( 548) (6 ape, 
944} (63, 377) (64, 525) (65, 453) ( 443) (6 166 
225) (69 y. ALG) C105 LIZ) ii 19) 2, ee. 478) ( 
asd) (7S, 204) ( ee 144) (78, ee 228 
224) (82, 120) (83, 376) (84, 330) ( Z214):(86,. 513 
118} (63, 389) 4 258) A905 LIT) AOL, A€15).(92,. 528 
476) (94, 486) ( 504)(96,. 494) (974.559). (98, 456 
519) (100, 346) (101, 296) (104, 420) (105,. 211) (106, a 
(107-4038) (1087. 109) (110;,:-532) (£11, 333). (112; 380 
(LIS; SGa) (LPF, S68) (119) 267) (121;: 262) (12255 17 
(123, 428) (124, 440) (126, 502) (129, 460) (130, 261 
(Loy, 227). 4833, @9L) (1357 Sie 37, 354). (138, 442 
(139, 484) (140, 260) (141, 178) (142, 156) (145, 323 
(147, 324) (148, 150) (149, 410) (151, 470) (152, 471 
(los; 19s) (iso, Sit) (157, S12) (1585 -207).(159,.. 477 
(l60,. 509) (161, 565) (162, 514): (163,.° 226). (165, 347 
(168, 238) (169, 340) (170, 539) (171, 490) (173, 436 
(179) -386) (lI 9 « 435) (L280 230): (182, 266)-0183,.° 526 
(184, 493) (185, 455) (186, 491) (187, 516) (188, 480 
(192, 269) (193, 564) (194, 283).(196, 416) (198, 531 
(199, 411):(200, 465) (202, 203) (205,. 286) (209, 510 
(2iz7- 356) 12137 302). (214, 355) (245,.,.303) (2175. 572 
(LO Bey (220,° SAdy (2217) Sol) (2252. SLT) 4227-292 
(231 y- S22) (232, S80) (2337 S53) (235, S41) (237,.) 464) 
(239, 492):.(240, 311) (243, 527) (244, 290):(246, 297 
(247, 298) (248, 517) (249, 556) (250, 545) (251, 338 
(252, 307) (257, 343) (258,329) (259,. 430) (262,. 282 
(263, 561) (264, 301) (265, 300) (268, 444) (269, 463 
(210) S50) (2725 352) (2737. 366) (276, A3T)(Z277;, 382 
(278, 398) (279,.-405) (280;. 483) (281, 336) (285; 501 
(287, 383) (294, 358) (299, 466) (304, 439) (305, 313 
(306, 446) (308, 452) (309, 412) (310, 566) (312, 555 
(314, 424) (315, 425) (316, 413) (318, 438) (319, 364 
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t3 


(320;: 461) (321, 552) (325, 454) (326, 505) (327; 363) 
(328, -907).(332, 481) (334, 499) (335, 406) (337, 552) 
(339,362) (341, 349) (342, 3557) (345; 567) (348, 569) 
(S01, 445): (3577-426) (259, S71):(360,. 529) (361; 385) 
(362, 530) (367, 409) (368, 473) (369, 533) (372, 488) 
(373, 403):(375,. 489) (379, 419): (381,- -573)-(384,, 511) 
(387; .5235)-(388,.:536) (393; 563):(394, 421) 4396,. 497) 
(397, 518) (399, 515) (400, 450) (401, 429) (402, 554) 
(404, 546) (407, 542) (417, 479) (422, 469) (423, 574) 
(431, 549) (432, 534) (433, 468) (447, 472) (448, 457) 
(458, 498) (459, 474) (467, 560) (485, 570) (495, 550) 
(496, 306) (500,. 543) (503, 558) (508, 524) (520, 522) 
(1, 8) (2, -43)(3;, 31) (4, 33) (5; 45)-(6, 40) (7, 198) (9; 
212) (10, LES) (il, 224): (12) 203) (135, 1be).( 120) CLS 
185) (iG, 245) C17, 229) (18, 157) ft Wes ne 220) i205 
ESL (225° 2h (23, foo) 424 ee 147) ( 138) 427; 
199) (28; SLL (29, -194) €30,. 499) (3 369) ( 452): (35, 
180) (36; 179) (37, 395) (38 178) (33, as i 330) (42, 
196) (44, 922) (46, 337) (47,. 192)-(4 485) ( 1D6)-{30; 
202) (51, 218) (52, 503) (53 a 208) (ony. LtA) (Gy 
230) (O7 7-251). (58, -526)..(59 eras 281) ( 339) (62, 
270) (63, 328) (64, 445) (65, 447) (6 SLAVS 299.) £68; 
368) (69, 170) (70; 367) CEL 233) (72 294) ( 420) (74, 
AZZ) (Toy ZOOM APC, BOZI CIT 7: SLSPAT 405) ( 366) (80, 
ECO) (ely: 285) (62; 387) (83, ope 280) ( 474) (86, 
AIT ECCT SOB y LOB ye STO) OOs. AB Sh 4 495:): 4 516) (92, 
465) (93; 558) (94, 525) (95, 496) (96, 404) (97, 352) (98; 
100):(99;-246) (101,408) (102;,..515)-(L05,- 278) (104,221) 
(105, 410) (107, 293) (108, 409) (109, 533) (110, 269) 
(212, L65) (ils, 232) (lay. 302) €115,.. 316) (1G, 215) 
CLL, 240) (109, 321) (121, 467) (122,. 313) :(123 7-439) 
(124, AZT) (125-43 (Cl 26y- 5248) (127, 534) (128,. 507) 
(132, 155) (133, 455) (134, 444) (135, 204) (136, 454) 
(137, 475) (140, 484) (141, 509) (142, 365) (143, 394) 
(146, 149) (148, 358) (150, 167) (151, 360) (152, 193) 
(153, 453) (154, 457) (156, 443) (158, 490) (160, 382) 
(161, 162) (163, 298) (164, 282) (166, 247) (168, 401) 
Cli, 319) (EIS, Zoe) (176, 210) (197, 250) (181, 496) 
(182,. 435) (184,: 557) (187, 434) (188, 547) (189, 334) 
(190, 449): (191, 879) 4195, 461) (1977, 359).(200, 451) 
(201). 27:7) {2057 385) (206, -346) (209,. 462). (211,. 296) 
(213, 266) (215, 542) (216, 508) (217, 351) (219, 556) 
(2204 393) 42225 Sie) (225,930) (225% S49 (2275: 563) 
(228; 944) (229, 567) (231,.551).(234, 505) (235;, 492) 
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(22:07 DZO)(2ary -200) (2307 8812395. 31.0) (240% 363) 
(242, 565) (243, 289) (244, 312) (245, 248) (249, 504) 
(ZoZy S08) (253, p39) 4254. 257) (258, 202) (258>..480) 
(260, 433) (262, 464) (263, 471) (264, 342) (265, 362) 
(268 SUG 27 lip Ao9) (272 AUS 278;. 307) (2745 324) 
(2729 823) 42 16% 927) (279) 303) (2635 423) (2845. 500) 
(286; 361) (291, -466))(295,° 468). (300, 380) (301, 333) 
(304, 446) (305, 560) (306, 372) (308, 340) (309, 552) 
(314), 440) (3l5,0 377) (317, S06) 1318, 426) (319, -549) 
(a2Oy D/Z) (e222, 250) (325, 399). (326, 354) C3290; 518) 
Cooly. 403): (332 7 "884 NSSo, 566): (236, 573) t338, 402) 
(341, 545) (343, 389) (344, 569) (345, 400) (347, 493) 
(340, S530) (355, 424) (356, 425):(357,. 491) (361 ,. 529) 
(364). 486) (370, Al9)4 371, S14)(373;. 350): (374, 535) 
CaP ay 41S) C38 oy SIT) 48865: S21) (390, -S741.0391, 39%) 
(392, 343) (396, 477) (407, 553) (41 Ly -537) (412, 555) 
(414, 559) (417, 470) (426, 463) (427, 441) (428, 510) 
(429, 538) (430, 570) (431, 472) (432, 488) (438, 512) 
(440, 501) (442, 448) (450, 476) (456, 497) (458, 473) 
(460, 494) (469, 517) (479, 481) (482, 546) (487, 520) 
(409, 54): (002). S36) 45hl, 964) (5233 532) (541, 548) 
(1, ae 14) (3, 24) (5, 21) (6, 35) (7, 55) (8, 19) (9, 74) 
CO, GO oy C127 LOS Cl So ee OSes OS Mola: GON! (alr 
152) 18, rae LOS) (227 87)( 23 200) (25, Li2) (26; 
142) (2 Oy C2 ner aS) Da 186} (30, -290) (aly 149) (32; 
260).(3 3) CS 284) ( LIS) Co hy BOL) C58 es Cae 
315) (4 4) (4 oy 276) ( 219) (43, 103) (44, 352) (45, 
ae. 320) (4 s 133) ( 211) Cao BIL S04. «253. Col, 
385) (52, 80) (5 ao 269) (9-6. SRL} Cod pp 25.8) 3058 > 
425) (59, oe 402) ( 388) (63, 205) (64, 190) (66, 
456) (67, 230) (6 ate) CIOp 2I8) LiL: 287d 2 se B36). 13, 
SOL YChOg Coo) tat 20:3) >| 222) (78, 348) (81, 485) (82, 
330) (83, 469) (8 250) i 94) (88, 201) (89, 515) (90, 
361) (91, 458) (9 487) (96, 335): (97, 270) (98, 309).(100, 
S47) LOL, fo aoe, 393) (106, 246) (107, 169) (108, 137) 
(110, 199) (111, 117) (113, 473) (114, 241) (115, 243) 
(116, 183) (1218; 922) (119, 482) (120,239) (121, 146) 
(122 4.77) (128 249) C25). 439) (1267, 260) (127, 334) 
(i285 ASL) C1295 S00) Clo. Soh) (isl, 2a 132, 2255) 
(134-329) (loose: sal) (136, 417)—138,. 275) 4139, 451.) 
(140, 476) (141, 478) (143, 468) (144, 329) (145, 413) 
(LAT ¢ 269) (150, 392) (i531; 494) (153, 472) (154, 421) 
(199, S07) (156, 378) (lst, 396) (158), 446) (159,. 305) 
(160, 377) (161, 463) (163, 488) (164, 498) (165, 283) 
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Ch6G, MAA Cue Ty S094 LOR STII ALO. Assi, S24) 
(LIZ) 348) (1714, 502) (175,. 467)-(176;. 273) (2477,. 542) 
(278%. S716) (180, SOO) (lel, 296) (182, 567) (184, -398) 
(185, -326) (186,. 569):(187, 527) (189, 430) (191, 466) 
(2927 471) A193, 247) (194, 356):(195,. 546) (197,- 369) 
(198, 338)-(202, 346) (203,° 427) (204; 503):(206,: 508) 
(207, 362)-(208, 349)(209, 483)/(212, 297) (213, 224) 
(214, 379) (215, 416) (216, 290) (217, 262) (218, 497) 
(2207 227) (221, S18)4225,. 272) (226,. 399). (228, 452) 
(229 33:1} Ceol °.543) 42382, 510) (234, 540): (2357: 566) 
(236, 357) (237, 489) (238, 449) (240, 319) (242, 304) 
(244, 481) (245, 490) (248, 568) (251, 535) (252, 312) 
(263, 367) (264, 380) (266, 368) (267, 353) (268, 516) 
(269, Sl7)(271, 298) (274, 559): (277, 322) (278, 342) 
(280, 340) (281, 495) (286, 528) (291, 437) (292, 387) 
(293, 431) (294, 442) (295, 354) (299, 484) (302, 445) 
(303, 366) (306, 455) (308, 310) (311, 529) (313, 423) 
(316; 426) (S17, 545) (318; 407) (321, 412) (323, 514) 
(332, 436) (333, 441) (339, 556) (343, 397) (344, 564) 
(349, S70) (290; 422):( 3517 491)- (355, 530): (358,. 552) 
(359, 401) (360, 460) (362, 386) (364, 554) (370, 532) 
(373, 390) \(374,. 565):(375,- 505)-(382,° 551) (383,°470) 
(384, 550) (389, 534) (391, 572) (394, 533) (395, 496) 
(400, 435) (403, 574) (404, 409) (405, 524) (406, 557) 
(408, 541) (410, 544) (411, 525) (414, 465) (415, 520) 
(418, 450) (419, 561) (420, 539) (424, 475) (428, 459) 
(429, 462) (433, 492) (434, 438) (440, 457) (443, 511) 
(447, 560) (448, 464) (474, 512) (479, 480) (486, 549) 
(493; 531) (494, 521) (499, 555)(501, 563): (504,. 538) 
(206%. S13) (907; 553) (S19; 558) 4523, 573) (S26). S36) 
(537, 547) 

(1, 5) (2, 15) (3, 22) (4, 27) (6, 20) (7, 61) (8, 25) (9, 80) 
(10, aaa POO) (i 2e dS Glo, FORE LAS 126) (16, -S6) 
(lip 26) CL 88) (19, 165)(21, 155) (23,7 106) (24,197) 
(26, re 234) (29 eee Ree ee 124) (32, 271) 
(33.5. 210} 363 266). AS5~ 115) (3 OS) (ody 289) (38; 33) 
(39;,. 321) (40, 163) (41, ae , 332) (43, 153) (44, 60) 
(45, 140) (4 353) (47, 104) (4 342) (49, 252) (50, 372) 
CSL BEY eS 395) (S3;. 406) (5 244) (55, 407) (57, 296) 
(Say 169) (5 261).(62, 251) 463, 293) (64, 280) (65, -450) 
C67, L76) (6 308) (69, 419) (7 S86)(7 25. 203) (73 
46.3): (14> rer 486) (77, qeerce 328) (79, 492) (81, 
316) (82, 348) (83, 142) (84, 504) (86, STO) Coty: 292) (89% 
302). (91, 360) (92, 131) (94, 246) (95,449) (97, 435) (98, 
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511) (99; 509) (101, 382).(102,; 346) (103,- 432)(105, 


CLOR, 4 Pay ClO - 399) (1095. S4ly Cid 403) (ie. 537 
(114, 461) (116, 240) (117, 344) (118, 365) (119, 291 
(120 40 LIZ, S22) 4225 212) (123.0 297). (1255. 194 
(ih. Booze, (Zor (129). 395) (130). Stop (132) 276 
(133; 428)'(134, 290) (135,. 413) (136, 276) (138,- 363 
(139, 358) (141, 260) (143, 306) (144, 287) (145, 175 
(146, 284) (147, 481) (148, 207) (149, 431) (151, 211 
(152, 245) (154, 433) (156, 247) (157, 237) (158, 343 
(159, 255) (160, 448) (161,. 381). (162, 412)(164, 501 
(166, 530) (167,. 325) (168,. 310) (169, 345) (170,. 289 
(LTL, A426) 4172, 456) (173, 440) (1747. BLN 1i7y 570 
(278 ,: S03) 41797 391) (180;,. 405) (18L,. 368) 12625, 397 
(183, 210) (184, 233) (185, 468) (186, 539) (187, 239 
(188, 414).(190, 402) (191, .357) (192, 459) (193, 563 
(195, 829) (1965: 230)-(198. 362) (199.2727) (200, 331: 
(201, 923)(202, 236) (204, 298).(205, 374) (206, 380 
(208,376) 4209, 369) 4213, 320) (214, 42Ls) (215,.-253 
(216, 47Z)4(217,. 221) (218, 373) (219,. 225) (220, 535 
(222, 400) (223) (282)- (224, 235) (226,7- 438) (227 3 267 
(226,483) (229,. 531) (231, 513) (232). 593) (238) 263 
(241, 330) (242, 361) (243, 528) (248, 549) (249, 383 
(290,. 541) (254, 494) (256, 312) (258, 453) (2595-371: 
(262, 526) (264, 560) (265, 454) (269, 279) (273, 517 
(274y; 439) (275; 430) A271 327) (261, 574) (2835 367 
(286, 387) (288, 384) (294, 542) (295, 417) (299, 423 
(300, 476) (301, 425) (303, 512) (304, 311) (305, 349 
(307, 561) (309, 520) (313, 545) (314, 480) (315, 552 
(316, 482) (322,306) (324,394) (326,. 410) (333, 3557 
(334) 352) (335,500) (336, 550) (338% 610) (339, 559 
(340, 538) (347, 565) (351, 420) (352, 524).(354,. 429 
(3507. 498) (356, 554)(359, 462) (364, 529) (366, 568 
(377, 441) (378, 564) (379, 496) (385, 392) (388, 399 
(390, 536) (398, 553) (404, 527) (408, 556) (409, 493 
(411, 415) (416, 442) (421, 470) (422, 499) (424, 572 
(427, 521) (434, 558) (437, 488) (443, 446) (444, 495 
(445, 473) (447, 525) (455, 507) (457, 515) (458, 518 
(460, 491) (464, 502) (465, 532) (467, 487) (469, 505 
(471, 573) (477, 548) (478, 547) (479, 484) (485, 546 
(490, 534) (497, 569) (508, 567) (514, 540) (519, 566 
(543, 562) (544, 571). 
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Representation of Elements of Ilo (41) 


Every element of L2(41) 


where w is a permutation of 1I2(5), 


on 6 letters, 


can be represented as zw, 


and w isa 


product of at most five symmetric generators. 


For example: 
Let @ (1, 

124, 
204, 
276, 
109, 
367, 
23, 

391, 
480, 
42, 

112) 
(21, 
(24, 
304, 
422, 
105, 
405, 
52, 

200, 
406, 
309, 
442, 
LIQ, 
471, 
350, 
288, 
Zoi, 
464, 
478, 
Loy 
509, 
465, 
202, 
176, 
425, 


25:7 


410, 
413, 
404, 
2327 


481, 


484, 


45) (2, 


295; 


185) (4, 


Oo) Coy 
17, 375, 
l2y 23 


137-365-383; 


140, 
S47, 

542, 

309; 


Loy 
110, 
479, 

414, 
200) 


258; 


314, 


214, 


as ee 
LAT, 


512; 
8) (7, 


220, 
362; 


S39) (9, 
LEO); (20, 


Le22;. 
ZADig. 


3, 
Gy LO3y 
454, 
45, 


7, 423, 


207) CLL 


345, 
182, 
453, 


230) (19, 


(20, 
927 
426, 
443, 
436, 
320% 
328, 

L738, 
451, 
ZOhy 
334, 
LOG: 
419, 
23.0: 
506, 
Lot, 
226; 
320, 
129, 
114, 
260, 
L3ky 
372, 
LoS) 
5D4, 


Ley 
OT, 


a3) (16; 
259% 


438, 
Seay 
13% 
247, 
Tay 
429, 
Zo Sy 
85, 
pelle 
Boy 
58, 
TAO Ly 
86, 
161, 
174, 
88, 
Ly, 
Leo, 
96, 
5; 
Lae, 
NEcror 
143, 
Loy 
Eig 


LOT; 


564, 98) ( 
524) (15, 
175, 
87, 3 
269, 
327, 
224; 
82, 
90, 
68, 
38, 
63, 7 
i 321 
53, 330, 
262, 502, 
556, 225 
123, 274, 
412, 127 
407, 398 
208, 244, 
91, 516, 
552, 520 
527, 136, 
228, 571, 
515, 346 
278, 432 
324, 439 
148, 139, 
231, 315, 


303, 
201, 
351, 
530, 
499, 
340, 
474, 
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14, 4 
468, 
Si 
99, 
33; 
254 
47, 
286, 
444, 
Ae dy 
DUS, 
oy ks 
y eed 
337, 
390, 
305 
394, 
490 
268 
256, 
360, 
467 
260% 
249; 
380 
437 
aod 
142, 
441, 


a 


a 


f 


r 


f 


r 
7 


ra 


O15. 3 
417, 
54, 
O15 
24 7 
125, 
aero 
SOY 
290, 
Sisko 
S95, 
0, 11 
, 466 
DOOG 
261) 
264 
306) 
343 
ener) 
145) 
Zl) 
O22 
198) 
84) ( 
476 
194 
370 
118) 
344) 


3 
2 
2 


’ 


La 


t 


La 


f 
r 


Lf 


230% 
LO, 
421, 
16, 
6, 
12) 
488, 
S22 
Bley 
134, 
DLs 
28D 
wip, soul 
yp. kD 
46) (4 
(48, 
) (50, 
(ol, 
( 
( 


7 
1 


1 
36 
1 


55 
56 
57 
60, 
(61, 
64, 
5 
(66 
(69, 
(70, 
(71, 
(76, 


) 
) 
( 
( 
) (© 
( 
Qoy: 5 
) (6 
) 

) 


9, 568, 49, 


ae 
ely 
8, 
3, 
So} 
103, 
Crs aes) 
sehen) 


rs) 


Zo 
uty 
2 


22, 


58, 36, 
418, 
384, 
411, 


40) 


Ty 
6, 
98, 
Te.) 
So) (285 
(30, 


495) (34, 


213) 
JG) 
) (39, 
) (41, 
4, 12 
546, 
236, 
Bd Oy. 
co ae a 
LOG, 
G27. 22 
574, 
Doo; 
4734 
ZO 2 
Ze y 
289% 
28.3% 
184, 
943; 


(35, 
(37, 
403, 
241, 
1, 487, 
318, 
243, 
336, 
329 
332, 
1.03 
536, 
188, 
518, 
46, 
523, 
528, 
299, 
333, 
385, 


for a@ € 12(41), 


Now 


> 


=> 


=> 


Now, 


a tat3 


374, 
roa 
168, 
300, 
460, 
400, 
463, 
S71, 
152, 
494, 
150, 
287) ( 
500) 
472) 
166) 
389) 
430) 
pos) 
349) 
Seek) 
452) 
) 


( 
( 
( 
( 
( 
( 
( 
( 
( 
445), 


N* = Na 

17 = 25 

Na = Nt3t. 
Nat.t3 = N 
at3t. =n, 
a = nt3t., 
what is n? 


= “bly 
470, 
413, 
404, 


Ay 


220, 
203, 
120, 
200, 
254, 
L69;, 
i eg a 
540, 
563, 
491, 
O20; 
146, 
149, 
L56, 


Lae 


LPL 


205 
219 
233 
266 


280, 


108, 
LS; 
126, 
102, 
128; 
106, 
Loy 
344, 
ZO hy 
LoL, 
388, 
431, 
284, 
446, 
, 934, 
541, 
92; 
, 408, 
, 386, 
, 320, 
504, 


493, 
5a, 
S02, 
457, 
455, 
252, 
462, 
497, 
Zeal, 
496, 
292; 
216, 
33.0, 
SA; 
Doo; 
477, 


“9627 


a82% 
nae or 
424, 
SUO; 


565, 
341; 
435, 
AS34 
428, 
366; 
209, 
172, 
193; 
449, 
159, 
567, 
ao, 
234, 
LOZ, 
396; 
486, 
448, 
i Ba 
498, 
544, 


361; 
513% 
re BS 
141, 
338; 
492, 
27 iy 
456, 
245, 
402, 
165, 
oe 
440, 
469, 
Sel, 
548, 
a2; 
416, 
yon ie 
368, 
483, 


364) 
212) 
LE) 


99) ( 


190) 
224) 
LOZ) 
569) 
549) 
510) 
Dory 
282, 
164, 
215, 
200, 
250:, 
242, 
482, 
ke pln 7 
308, 
302; 


4, 


ay 


00; 
104, 
117, 
130, 
L339 
137, 
415, 


SOL, 
223; 
561, 
Sis, 
570, 
347, 
485, 
489, 
538, 
461, 


where @ is a permutation on 574 


539, 

434, 

447, 
S1o, 


215, 
239, 
450, 

357, 

511, 378, 

247 400; 

514, 259, 

319, 248, 

507, 257, 

475) (138, 

240) (144, 

173, 566, 

229, 508, 

387, 348, 

550, 218, 

275, 323, 

409, 393, 

342, 560, 

356, 301, 

354, 410, 

329, 458, 


letters. 


(Since N is labeled as 1 and 1 goes to 25 


under @) 


(Since Nt3t. is labeled as 25) 


299% 
199) (5, 
17, 


for n € Lo(5) 


a symmetric representation for @. 


481, 484, 
8 5:) (ay 
140, 
547, 


G5) Say VS 7) 258) Slay 214, By? 124, 
LOR 219. OLA) 2267 6p 1635. 204; 
ATS, VATS 8). > 362,454, 276, 


S75; AVA; 339)-(9;, 122, 545,.-109;,. 232, 
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dey tap. DAZ, 2557. 186) (105: 2107 (67 A235. S67. 13; 
309703; S085.. 207) (11, 2354 (797. S68, 49.237 245, 
202; [O4, 98) (14, 4017-310, 187, 558, 36, 391; 182, 
Ol, 924) AS; 260, ALT, 421, 31. 22; 4285-400, 453; 
ASI ALGy LIS, GL2;. S4,° SIG; 18,2375 384,42, 230) 
(19, 2009 "877.399, 167;,. 26, 363), 116; 414, 1i2y(26, 
£38; 3036 269;,. 335 2Ip-2ZI2, 135 290," 20 (215. 92+ 
Dod; 2OLp S27, 29, 125, 488,. 2103, 132) (245. 426, 73, 
3515 2217 47, 259; S32; 209) 359) (28, 304; 443, 247; 
§30;..82,. 286, 307," 317,505) (30, .422)-.436,,° 74,499; 
90, 444, 290, 134, 495) (34, 105, 326, 429, 340, 68, 
D1, “335% S12, 2IS) (35, 405, 328; 293). 474,38; 
DOS S85, 29, SLO} AST, -52, L184 Bay LOT; 68; - 7184 
P60). abe: 61) (394-403, 200, 451, “Sal, 211, 321, 
291, 466, 119) (41) 241, 406; 261, -59;-'53)}. 330; 337, 
353, 46) (44, 121, 487, 309, 334, 58, 262, 502, 390, 


281 )'(48, 346, 316y 442, -160,- 101, 556,. 225;.-305, 
264). 50, 236, 243). 110, 419, 86, 123,274, 394; 
S06) (ol, “sts, 336,. 401, 2385. 161. 247, 127, 290, 
343) (20) Slt S22y, Bal, S06,. Lid, ACI,-398,) 268; 
BOS) oG, 196, 3325 Zee, 1S), 8b50208,. 244, 256, 

LAS OT. O2y (210; Zool, 296, 15l¢ Sly SiG, . 360%. 211) 


(60). S74, 536, 264, S262. 189). 5527520, 4677: 522) 
(6l, “559;. 186, 478; 129,967. 527; 136, 265, 198) 
(Od AIS ¢, Sly 195, 114A, 895-220 Si ky 2249). 84) 654 
529% “2460, 509; 260; 154; 515,- 346, S807 476):(66; 
Zig, S259 465. 131,158, 2787" 432% 437, T9469; 
209,528, 202, 372, -143; 324,439). 2977> S10) (70; 
ZO37. CO. WIG 183, Toy 148) 2395 - Tass Ae piea, 
Lee, 383; 425,054, U7 Zale Silos 4414-524) (76, 
543, 385,374, 220; 108, 493, 565,361, -364):(80;, 
nae, iby 294, 203, Lie, 533; 241, 319, 21293, 
434, 239, 168,-120,; 1267. 352, 435,397, 179) (94, 
AA; 450,300, 206,. 102, 457; 433). tal, 99) (95, 
319; 357;.°460;° 294, 126; 459,--428~ .398,- 190) (100, 


oll, 378; 400, 169; 106, 252, 366, -492,. 224) (104, 
ZL 1-420, 4655p Lily 197, 262¢:-399) 2711, 192) (117, 
SLs; 200; Siay 2405: SA4,. AST) VIZ, 456,- 969) (130, 
SiS, 248, 152) 563,~267¢ 227, 193.0245, "549)-(133, 
507, 257, 494, 491, 191, 496, 449, 402, 510) (137, 


Eto) (138% S00). S29 ¢ "8885-292, 199, 165, 537,415, 
240) (144, 267) (146, 231, 216, SeT, Sal, 282, S04, 
L737 966,. 500) (149, 284,335, S1L9,. 440,164, 223; 
220; JOG, 212) (196, 446, Sil, 238, 469,273) S61, 
SOT GAB, -LO6):GlOG; S3o4y. S50; 162,381, 263, 573; 
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SoU; 215, 339 
Z21Ddy 22a; 430 
209; S937 339 


IIT Te SAdy Aly SIG; S487 2505 5704 

) 

) 
242; S60; 349) 

) 

) 

) 


( 
(2004 3924. DO, Abby. S29, 2a2y BAT, 
(219, 408, 382, 448, 416, 482, 485, 
(200%. 2067 427, G]7T; S51, S13>. 489, 
356, 301; 597). (266, 320, 424, 498, 368, 308, 538, 
354, 410, 452) ( 
tot 


329, 458, 445 


280, 504, 383, 544, 483, 302, 461, 


= (id) 
Therefore, the action of a@t.t3 on the symmetric generators 


is given by: 


Nto = 2 > 2 = Nto 

Nt; = 3 > 3 = Nt 

Nt2 = 6 > 6 = Nt» 

Nt3; = 8 > 8 = Nt; 

Nt, = 4 > 4 = Nt, 

Nt. = 5 > 5 = Nt. 
=> n= (Id). 


And so a symmetric representation for @ is given by 


a = t3te. 


Proof of Isomorphism 
Double coset enumeration as displayed in Figure 7.1 shows 


that the group defined by the symmetric presentation 


contains a homomorphic image N = I2(5) to index at most 
| N | | N | |N| | N | | N | 
—— «+ ——— + ——— + —__ ——— 
Na) SENSE ENS AUS ENS oh 
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|N| [N| |N| | N| 


iNet 3) pweot 2% | a pnt? a | a Not?) | 
N N N N 
a * TTF ig me + oe 
|N | |N | |N | |N | 
|N| [N| | N | 
pNeot 2 © 3) | pwotze4 | pn EOF | 


60 60 60 60 60 60 60 60 60 
=— + — + ~~ + — +S + KH + KH + HK +H HK GT 
60 10 2 2 1 il 5 1 


60 60 60 60 60 60 ut 60 
3 3 12 


= 1+ 6+ 30 + 30 + 60 + 60 + 12 + 60 + 60 + 30 + 60 + 60 + 
602.20 4:20 415 
= 574. 
As a result, the index of N in G is at most 574. 
Therefore, the order of the image group G is at most 
574 © |N| = 574 *« 60 = 34440 
Furthermore, since the action of both N an the symmetric 
generators on the cosets are well defined, it suffices to 
show that 
(1) to has six images, under conjugation by N 
(2) the six relations hold true within the symmetric 
group S574. 
Moreover, the action by right multiplication on the 574 


cosets is implicit in the enumeration, and we can easily 
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verify that the image is the projective special linear 
group 1L2(41). 
We define linear fractional permutations of the projective 


line L2(41) as follows: 


397 +22 
x3 ThH-__ 


) = (1, 2, 24, 34, 18)(3, 15, 27, 31, 40) (4, 
tT -32 


20 ge boy, Soy Lo) Lop oe, Bp LOY. 2006, 


to: C » Be] =: (Lp 39) (2; -40)-C3, 29) (4, -41)45,. 38) (6, 
T - 
SL Gly SLY L8s DOD C8 25) CLO Veer, 


13) ep ZT YL LG) Clay 21) Cl y (34) 
36) 


We note that the order of the product xy equals 2, and so 


N = <x, y> = L2(5), a maximal subgroup of 12(41). 
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The permutation to has six images under conjugation by N, 


namely: 


to = 


ti = 


tz = 


19) (95 28) (Op LI tit, fey ia L5)-(13,: 4) C27, ea 28s 


26) (10, 39)\(11,29) (12,15) (13, 35):(14,. -41).(17,. 42) (18; 
AAV CLOy 22) 20 S44) (21, 40). C24 5 336) (3971438) 

tly. Bl) oe BS). ta AO AS, 28) (65-32) LAS: 34 9; 
Soy (lily 2a (le; 41) (lo, <29) (6; + 21s (175.359 (8). 22) 
bio, 2A 20, 42) (265. So). (275- 37) 4284 20) (30; 36) 


(1, 12) (2, 37) (3, 32) (4, 41) (5, 19) (6, 24) (7, 20) (8, 


ZA) (26, 30) (27, 39): (28, 34) (oly 33) (38440) 


As a result, the action of x and y on {to, ti, te, t3, ta, 


te} is given by: 


x: (to, ti, tea, t3, ba) 
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Yi Wee, “Koy Ci) (Cop bay Gs) 
Now, we need to verify that our relations hold true in 
Le (41). 
Looking at our first relation we can see that 
tftatotatatetato) = (2, 30) (3, 28) (4, 32) (5, 23) (6, 31) (7, 16) (8, 


2909, 26) C10, 39) (ily 29) (12) Loy (13, 35) 


t,{ertotatstatato) — (1, 31) (3, 13) (4, 10) (5, 23) (6, 32) (7, 14) (8, 


S.-i 
t,{Tatotatstatito) ~ (4, 35) (2, 40) (3, 29) (4, 41) (5, 38) (6, 31) (7, 
37) (8 19 9p. 25) ClO, 16) a 1512 27) 3, 
16) (14, 21) (17, 34) (20, 26) (22, 39) (23, 33) 
(28, 42) (30, 36) 
—" 
t{tatotatstatsto) — (1, 26) (2, 25) (3, 24) (4, 23) (5, 22) (6, 21) (7, 


t,{tatotatstotito) =) Cy 232) oy 43) 29) C4, Say (6, 403 17> B48, 


t,,{titotatatatito) Ss ecberi op Bry top: S20 Cap alse 1956). Sait 7, 


Thus, titotat3tatitp acts as the permutation (1 42 03 1) on 
the symmetric generators, that is 
tytotat3tatitp = (1 4 2 0 3) 
=> totitet3 = (1 3 0 2 4)titot,. 
Therefore, our first relation holds true in L2(41). 


Similarly, looking at our second relation we can see that 


fete ty ZV, BIAS. 32): 04y- AT) Gy 199206; 247; 


CLP <9 GY CLS 297 (215-225 205. SOP 27 7. 39). 423) 


Lot 


__(tatatotatitote) 
1 


__(tatitotatrtote) 
3 


152 


totitotetitote) = (1, 26) (2, 25) (3, 2494, 23) (5, 22) (6, 21) (7, 
ZU Cay: LOCOS el Oe Ee Clee “eth, eS) 
(13, 14) (27, 41) (28, 40) (29, 39) (30, 38) (31, 
ST C82; BO) (33, 35) 
= ti. 
Thus, tetitotetitot. acts as the permutation (1 0 ») (2 3 4) on 
the symmetric generators, that is 
tetitotatytot. = (1 0 -) (2 3 4) 
SS: (Loe 0) (2) 4 By tetptpta = tatotr. 
Therefore, our second relation holds true in L2(41). 


Looking at our third relation we can see that 


tg Para) S15, AO) (20 87) (Sy B24 41) (5, 1916, 24) 7; 


GOTO) Se CL DEN Dos, 24) (ay BS on 22)4 6, 2, 


ions) 


t,{totatatotatatote? — (1, 31) (3, 13) (4, 10) (5, 23)(6, 32) (7, 14) (8, 


Say (9): S9jo01 1, 25) (ley 42) 2oyC6). 21) 


t,otatetotetttote) = (1, 35) (2, 40) (3, 29) (4, 41) (5, 38) (6, 31) (7; 


S108, BOIS 2S) CLO, Le Clie Ley el ee. 27 


t,(Totatetotetatots) - (2, 30) (3, 28) (4, 32) (5, 23) (6, 31) (7, 16) (8, 


t,,[rotatatotatatota) = (1, 23) (2, 5) (3, 29) (4, 24) (6, 40) (7, 31) (8, 


Thus, totitetotgtitot, acts as the permutation (0 ~ 2 4 3) on 


the symmetric generators, that is 
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Cotytetyotatitot, = (0 o 2 4 3) 
=> totitetp = (0 @ 2 4 3) tatotity,. 
Therefore, our third relation holds true in 12(41). 


Now, looking at our fourth relation we can see that 


ttottatetstatetitets) — (1, 35) (2, 40) (3, 29) (4, 41) (5, 38) (6, 31) 


t,{otatatetsttetitats) = (1, 26) (2, 25) (3, 24) (4, 23) (5, 22) (6, 21) 


_(totitatatstytetiteots) _ 
2 


ZA) CLT» SS): C18. 227 (19; -24) 420,. AZ) (26; 


(totytgtatgtytetyteots) _ 


ts; (iy Ree. Sia te, S2) (45° 22) 15, 19) 164. “249 


(ip. 20} 18> 9) CLO), 23a) Cdl Zeptle, 3S) Cia, 


t,(Trotitatatatatatitets) — (4, 23) (2, 5) (3, 29) (4, 24) (6, 40) (7, 32) 
28) (15, 34) (16, 41) (19, 32) (20, 30) (21, 
22) (25, 38) (27, 37) (35, 36) 


t (totytototgtytotj tots) 2 
- = 


Thus, totytotatstytoti tet; acts as the permutation (2 4) (3 &) 
on the symmetric generators, that is 
Cotyteto.t3tygtetit.t3 = (2 4) (3 @&) 
=> Uotitet.t3 = (2 4) (3 ©) t3t.titeat,. 
Therefore, our fourth relation holds true in 12(41). 
Now, looking at our fifth relation we can see that 


Ce (iy 30): (2y7 40). ASy 29) (4, “4a (oy 38) (6, 31) 


(7, 37) (8, 19) (9, 25) (10, 18) (11, 15) (12, 
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Te 


t,{totatatetitetatotsty) = (2, 30) (3, 28) (4, 32) (5, 23) (6, 31) (7, 16) 


SO) 1a, AL) AZ 0S 279 419, 22). (20, 


titotatatetatetitotsta) ~ (7, 23) (2, 5) (3, 29) (4, 24) (6, 40) (7, 31) 


eee te Oe) ae 26) (Dy Ce ise A (ay Sy ten 22) Cop 220) 


Lod 


t,,(rotatatetatatitotsta) — (1, 12) (2, 37) (3, 32) (4, 41) (5, 19) (6, 24) 


BA) UT OO) (ES; ZO 21,. 22) (26, SO) 27; 


Thus, totitetetatetitot3t, acts as the permutation (1 4) (2 3) 
on the symmetric generators, that is 
totitot.t3tytetit.t3 = (1 4) (2 3) 
=> totitetat4 = (1 4) (2 3) tatstotit2. 
Therefore, our fifth relation holds true in 12(41). 
Now, looking at our sixth relation we can see that 
fe Oreaatatatetanotal: (dy BS). (25 5) (ay. BOY (hy 24) (6, BOAT; 31) 
(Be. AZ) (9, 26) (10): hy ey 2s SSCs, 


28) (15, 34) (16, 41) (15, 32) (207,30) (21, 


Eero terse ttetal a, 30 (Sy US) (Ap DOIG 23916) B27. 14) 


SS) 427: SI) 428). 20)}'630;: 36) 


,{totitotitotatatstats) = (2, 30) (3, 28) (4, 32)(5, 23)(6, 31)(7, 16) 


ft, Ca toratot stereo (1 85)(2, AO) 3). 29) (4, 415) SEI; 31) 


tMotrtotatotstetstets) = (1, 12) (2, 37) (3, 32) (4, 41) (5, 19) (6, 24) 


G2 yet SOV EL, 29) (214 22) (26, SO aT; 


39) (28): 34) (31,33) (38; 40) 


t,,(Totrtotitotstetstets) — (1, 26) (2, 25) (3, 24) (4, 23) (5, 22) (6, 21) 


Thus, totitotitot3t.t3t.t3 acts as the permutation (0 2 3) (1 4 
°) on the symmetric generators, that is 


Cotytotityt3to.t3t.t3 = (0 2 3) (1 4 oo ) 


NES ee, 


=> totitotito = (0 2 3) (1 4 ©) t3t.t3t.t3. 

Therefore, our sixth relation holds true in I2(41). 

Since our relations hold in L2(41), N is maximal in L2(41) 
and to ¢ N, where to has 6 conjugates under conjugation by 
N, then L2(41) is generated by N and tp. Therefore, L2(41) 
is an image of G. As a result, |G| = |[Ll2(41)| = 34440. 
But from previous we know that |G] < 34440, and so 

IG] S$ 34440 = |L2(41)| Ss (Gl, 


which proves the isomorphism. Hence, G = I2(41). 
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CHAPTER EIGHT 


NON-SYMMETRICALLY GENERATED GROUPS 


Introduction 
In this chapter we will give examples of groups that 


are not symmetrically generated by the involutions, t's. 


Group 2°: (As x 2) 
Factoring the progenitor 2”° : As by the following relations 
((0 1 2)to]® and [total’ 


yields the finite homomorphic image: 


Dee BE 
LG 1 2. eer 


Q 
He 
NX 


Sie. Se eh 


A symmetric presentation for the above image is given by: 
SEP pS ESO 8 pO Vi 387 (253, (REV YO25. CRF ZC 2; 
Cy 2) Oey Eee CS) A Ve T2tEIA oe (Cee) 2S, 
where N= As. = <x,y, 21 eS; y°3, 2s, (x* yl "2, {x*2) 2, 
(y*z)*2>, 
and the action of x, y, and z on the symmetric generators 


is given by 


oe 2 23) 
yr (1 2 4) 
BM ieee, 40d: z 
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Double Coset Enumeration 


Before looking at any relations, it should be mentioned 
that G will not be symmetrically generated by {to, ti, to, 
t3}. As a matter of fact, the set of involutions as 
mentioned before will only generate a subgroup of G of 
index 60. 

Expanding the relation [toti]? = 1 yields: 

Cotitoti =1 

=> tity = tyti. 

Therefore, tot1 = tito. 


In like manner, we have 


Cote = Coto Cite as Ceti tet3 = t3t2 
Cot3 = t3to tit3 = t3ti tet, = tate 
Cota = Cy4to Cita = Cqti C3tq4 = Cqt3. 


So, the double coset [0 1] has 5+ 4 = 20 single cosets. 
But since toti has two names, then [0 1] only has 20/2 = 10 
distinct single cosets. 
Furthermore, applying to to toti = tito yields: 
Cotito = titoto 

= £4 


but ti € [0], (since ti” = to, where m = (1 0 2) € N). 
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Therefore, {0 1 0] = [0]. Since N'°) has orbits {0, 1} and 


{2, 3, 4} then [0 1 i] = [0] for all i in {0, 1}. 
Now, expanding the relation [(0 1 Dy tel = 1 yields: 
ete (ey tee te ee) SL: where ar = (0-1 22). ce N 
Sider ert. sii 

Now, from (1) we have 

Coti = tito 

=> totit2 = titot2. 

And from (2) we have 


Cotite = tCotity 


lI 


Cytoto (since Ceti = tito) , 
and 


tatito = totite 


= tote2ti (since tite = tet) 
= tototi (since Cote = toto) . 
Therefore, 


Cotite = Catoti = titot2 = Upteaty = titato = tatito. 
In like manner, we have 

Cotit3s = C3toti = tCitot3 = Cotgty, = tyt3to = t3t ito 
Cotytg = tatoti = titotg = Cotati = titato = tatito 


Cotat3 = C3tote2 = Catots3 =, Cot3te2 =. C2t3to cae t3teto 
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Cotet, = tatote2 = tatota = Cotate2 = tatatyo = tqtato 
Cot3tq = Cgtot3 = t3totq = Totgtz3 = t3tqto = tats3to 
titet3 = t3tite = tetit3s = titst2 = tet3t, = t3teti 
Citet, = Cqtite = Cataty = Cagteti = titat2 = Teatit, 
titstq = tatit3 = t3tat, = Cgt3ti = titat3 = t3tita 


tet3t, = tatet3 = t3t4to 


Cat3t2 


Cotat3 = t3te2ta. 
Therefore, the double coset [0 1 2] has 10 distinct single 
cosets, each with 6 names. 
Furthermore, applying to to (2) yields: 
Cotiteto = tetitoto 

= teti 
but tet: € [0 1], (since (t2gti)" = toti, 

where mn = (2 0 3) € N). 

Therefore, [0 1 2 0] = [0 1]. Since N°?” has orbits 


{O) 4, 2) and 43). 4) then: POT 2 ])=: pO 2) tor:all 4 -an 


Now, since Cotit2 = titeto 


=> Cptytet3 = titetots 


= titstato ( Sinee totgts = Cetato. ) 
= titotste ( since ne ee tots3t2 ) 
= totstite  ( since titots = totsti ) 
= tatitote ( since ade, t3tito ) 
= t3tgtito ( since titots = tetito -) 
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= C3toteat, ( since Catito a tptet, ) 


Cat3toti ( since C3tot2 = Cot3to ) 


Eotat3ti ( since to2t3t9 = totet3 ) 


and 


tytetot; = Cotitet3 


il 


tCetotit3 ( since totite2 = tototi ) 


Cotit3to { since Cot t3 _ £1t3to yi. 


Therefore, 
totitet3 = titatot3 = titzteto = tytotst2g = Tot3tit2 = t3titote = 
Estetito = t3totet, = tCotgztoti = totetsti = tetotits = tatitsto. 
So the double coset [0 1 2 3] has 5 distinct single cosets, 
namely Ntotitet3, Ntotitets, Ntotyt3t4,, Ntotet3t4, Ntitet3t4, each 
with 12 names. 
Furthermore, applying tp to totitat3 = titsteto yields: 
Cotytat3to = tit3tetoto 

= t1t3t2 
but tit3tz € [0 1 2] (since (tit3t2)" = totite, 

where m = (0 3 1) EN). 

Therefore, [0 12 3 0] = [0 1 2]. Since N°°??% has orbits 
14} and: {0; 1,2, 3} then [0 123 k]) = [0 1 2) for all. k 
ae Ay hp 2p he 
Now, applying t, to totitet3 = titetet3 yields: 


> Cotytet3tq = Citetot3t, 
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=> totytet3t, = tCitet3stygto. 
By using the above relation to calculate the order of the 


stabilizing group N°???” 


(see Appendix C(1)) we can see 
that its order equals 60. Therefore, the number of 


distinct single cosets in the double coset [0 1 2 3 4] 


N 60 
turns out to be econ = aa = 1, which implies that all 


the single cosets in [0 1 2 3 4] are all equal to each 
other. 


Furthermore, yeas 


is transitive, which means that it 
has orbit {0, 1, 2, 3, 4}. As a result [0 123 4m] = 
[0 1 2 3] for all min {0, 1, 2, 3, 4}. 

Therefore, we must have found all the double cosets as 


illustrated in Figure 8.1. 


The labeling used for the single cosets of N in G is given 


by: 
Single 
Label Coset 
32. [N] 
deen Gl ed 
2. [2] 
33. [34 
4. [4] 
5. [0] 
6. [0 1] 
7. [0 2] 
8. [0 3] 
9. [0 4] 
10. [1 2] 
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12. [1 4] 
Poe. (EZ 23] 
14. [2 4] 
15. [3 4] 
16... [0-1 
De. Oe 
Le [Ow 
LOe. LOZ 
20s: “PO: 2 
ZLat LOe3 
get ly ZB 
Zone We 
285. [des 
one mea ae 
Ze i [Od 
Zi [Ob 
eee Ocal 
Zoe. Or? 
20a. | [ele 
Sg 0° ab 


[01234] 


Figure 8.1 


Cayley Graph of 2° : 
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The action of the symmetric generators on the cosets of N 
in G is given by: 


to = (32,5) (1,6) (2,7) (3,8) (4,9) (10,16) (11,17) (12,18) (13,19) 
(14,20) (15,21) (22; 26): (23,27) (24,28):(25,.29): (30,31) 


ti = (32,1) (5,6) (2,10) (3,11) (4,12) (7,16) (8,17) (9,18) (13,22) 
i425) (ly 24) C18 26420727) (21, 28) (25790) (29,31) 


eS: 132, 2) 9% 1 )-(17 10) (3,13) (4, 24) (6, 16)-(87 19). (9,20) (11,22) 
(129 23) 415729) (EF, 20) 418, 27) 421529). (28,305 426751) 
t= (323 y(5) 8) (1 11 3 13) 45-15) 6; 179-1719) 09,21) (207-22) 


Ci2) 24) (14 25) (165.26), (18528) (20, 29).0235-30) (27.731) 
be SH (2 pay (95.8) (iy 2) (25 14S 25) (6,18) 027 20) 48, 225105235 
(Ty 2a aS Za CL Gy 27 (ly 28) Cl 9,29) (22750) 426.31) 
Group 2X Ss 
Factoring the progenitor 2*4 : Ss, by the following relation 
[(0 1 2)to]* 
yields the finite homomorphic image: 


* 


One Te, 
Eto ere 


G = (2x 8) = 
A symmetric presentation for the above image is given by: 
<x,y,t|x%4, y*2, (y*x)%3, t%2, (try), 
(t, (x*y) *(y*y* (y*x))), (x*t)%4>, 
where N = Sq = <x,y|x*4, y*2, (y*x)%3>, 


and the action of x and y on the symmetric generators is 


given by 
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Double Coset Enumeration 
Before looking at any relations, it should be mentioned 
that G will not be symmetrically generated by {to, ti, t2, 
t3}. As a matter of fact, the set of involutions as 
mentioned before will only generate a subgroup of G of 
index 2. 
Expanding the relation [(0 1 DY 5 1" yields: 
M(t)” (ty)” (ty )"(t)) = 1, where n = (0 12) EN 
=> (0 1 2)totetito = 1 
=> Ntoti = Ntot2 
= Ntot3 (since (tot2)'?*) = tots). 
Therefore, Ntot, = Ntot2 = Ntot3. 
In like manner, we have 
Ntito = Ntitz2 = Ntit3 
Ntato = Ntoti = Ntot3 
Nt3to = Nt3ti = Nt3t2 
So, the double coset [0 1] has 4 * 3 = 12 single cosets. 
But since tot; has three names, then [0 1] only has 12/3 = 


distinct single cosets. 


269 


4 


Furthermore, applying tz to (1) yields: 


Cotite 


(O 1 2) toteate 


ll 


(Q> 1 2) to 

=> Ntotit2 = Nto. 

Therefore, [0 1 2] = [0]. Since N° 2) has orbits {0} and 
{l, 2, 3}, then [0 1 i] = [0] for all i in {1, 2, 3}. 
Now, applying ty to (1) we have 

totito = (0 1 2) tota2to 


=> Ntotito = Ntoteoto 


= Nigtsto- (since Ntote = Ntot3) 

= Nto(3 0 2)t3tz2 (since t3to = (3 0 2)t3t2) 
= Ntatste 

= Ntotite (since Ntot3 = Ntet:) 

= Ntegtota_ (since Ntoeti = Ntoto) 

= Nt2(0 2 1)toti (since totz = (0 2 1) toti) 
= Ntitoti 

= Ntitati (since Ntito = Ntjtz2) 

= Ntits3tr (since Ntitz = Ntits) 

= Nts 1-2) pste- (since tytiy = (37 L -2) teta) 
= Ntat3t2 

= Ntatit2 (since Ntot3 = Ntoto) 

= Nto(3 0 2)t3t,9 (Since tite = (3 0 2)t3t2), 
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and 


Ntotito = Ntot2to 
= Nto(2 0 3)tet3 (since tetp = (2 0 3) tots) 
= N€gtots 
= Nts3tots (since Nt3t2 = Nt3to) 
= Nt3tits (since Nt3t9 = Nt3t1). 
Therefore, 


Ntotito _ Ntoto2to = Ntot3to = Ntytoti = Nt ztet, Ntyt3ti = 


Ntogtot2 


Ntogtitz = Ntet3to2 Nt3tot3 = Nt3tit3 = Nt3tet3. 

So the double coset {0 1 0] has 4 * 3 * 1 = 12 single 
cosets. But since totitp has twelve names, then [0 1 0] 
only has 12/12 = 1 distinct single coset. 

Furthermore, applying tz to Ntotito = Ntetotz yields: 


Ntotitot2 = Ntatotete 


= Ntyte 
but teste -e TO) (since (tot 9)" = toti, 

where m = (0 1 2) € N). 
Therefore, [0 10 2] = [0 1]. Since N+ has orbit {0, 


2, 3} then [0 1 0 93] [0 1} for all j in {0, 1, 2, 3}, 


which implies that N®?° 


Therefore, we must have found all the double cosets as 


illustrated in Figure 8.2. 


ie 


i, 


Toran SL ive On. Whe. typ sy Cals 


Figure 8.2 Cayley Graph of (2 x Ss) over Sy, 


The labeling used for the single cosets of N in G is given 


by: 
Single 
Label Coset 
10. [N] 


OMAAHDNSPWNE 
oO 
ad 


The action of the symmetric generators on the cosets of N 
in Gis given. by: 

ty = (20,4) Gly 6) (27-7) 4358) (54 9) 

ty = (10,1) (4,5) (2,7) (3,8) (6,9) 

te = (10,2). (4,5) (1,6) (3, 8) (7,9) 


t3 = (10,3) (4,5) (1,6) (2,7) (8,9). 
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Group 2* : (Ss x 2) 
Factoring the progenitor 2*° : Ss by the following relation 
[(0 1)to]* 
yields the finite homomorphic image: 


eR. 
Oe Se 


S 2. 2 
Sere [(0 Lt,}! 


a 
I 
Mm 


Il 


A symmetric presentation for the above image is given by: 
<t,.V, CRS, eae (x * y)%4, 
ROBO ROS IE OL RR ee AR a oy. SE Ey EY 
(Ep hye ard (xed eye Cyt) in Ce yo (yFx) yy 
(t,y* (y*x*y*x)), t*t*®x = t*x*t>, 
where N = Ss = <x,y|x*5, y*2, (x * y)%4, 
BOY! ee ey A ee ae ee 
and the action of x and y on the symmetric generators is 


given by 


bao Oe 
Double Coset Enumeration 
Before looking at any relations, it should be mentioned 
that G will not be symmetrically generated by {to, ti, to, 
t3, ta}. AS a matter of fact, the set of involutions as 
mentioned before will only generate a subgroup of G of 


index 120. 
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Expanding the relation [(0 1)to]* = 1 yields: 
wey (ey (eth = Ly Where m= (0) 1)--e"N 

= (td) titytito-= 1: 

=> tit; = tyti- 

Therefore, toti = tito. 


In like manner, we have 


coke = Lota tite = teti Cet3 = t3t2 
Coes = -C3Co ties = Tati tet, = tat2 
Cota = tato tits = tati tot1 = tito. 


So, the double coset [0 1] has 5+ 4 = 20 single cosets. 
But since toti has two names, then [0 1] only has 20/2 = 10 
distinct single cosets. 

Furthermore, applying to to toti = tito yields: 


Cotito = Citoty 


ae 
but ti € [0], (since ti” = to, where mn = (0 1) € N). 
Therefore, [0 1 0] = [0]. Since N®*) has orbits {0, 1} and 
{2, 3, 4} then [0 1 i] = [0] for all i in {0, 1}. 


Now, from (1) we have 
Coty = tito 


=> totite = tytote 
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= titeto (since Cote = toto) 


= totito (since tite = toti) 
= tCototi (since tito = toti) 
= Coteti (since Cato or tot2) ° 


Therefore, 

Cotite = titote = Titato = Cotity = tototi = tote2ti. 

So, the double coset [0 1 2] has 5 * 4 « 3 = 60 single 
cosets. But since totitz has six names, then [0 1 2] only 
has 60/6 = 10 distinct single cosets, namely Ntotitz2, 
Ntotit3, Ntotit,g, Ntotot3, Ntotets,, Ntot3t4, Ntitet3, Ntiteta, 
Ntit3t4, and Ntot3t,. 

Furthermore, applying to to totit2 = titety yields: 


Cotitoto = Citeatoto 


= tits 
but since titz2 e€ [0 1] (since (tzt2)" = toti, 
where m = (210) € N). 
Therefore, [0 1 2 0] = [0 1]. Since N'°!?) has orbits {0, 


dy 2) cand (3, 4) then. (10° 27) = [0° L). for -ail- Fin: {O,..4; 
vie a 
Now, applying t3 to totite = titeto yields: 


Cot itet3 = Citetot3 


tatitot3 


tl 


tetotits3 
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Now, 


Coliiegte.= 


Cotot3ti 
tat3toti 
t3tetoti 
t3toteti 
t3totite 
t3tilote 
tit3tote 
titot3te2 
titote2t3 
Cotatits3 
Cotet3ti 
Cot3teati 


Cot3tite 


totit3t2. 


C3tototi 
C3tetito 
Patatote 


tCits3teto 


—titetsto 


tatit3to 


Cot3tito. 
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Therefore, 


Egtibeks. = Tytslote Catitot3s = tototits Eatotsty Cet3toti = 


tglatoti = L3totati Celobite = Usb lols tit3tot2 = titot3te = 


titolacs = Cotetivts Cotat3ti1 = Uot3teti tot3tite Cotit3t2 = 


C3letito = C3t Cet = CiT3to2to = Cy zCet3to 


Cotit3to = Cat3tito. 
Therefore, the double coset [0 1 2 3] has 5 * 4* 3% 2 = 
120 single cosets. But since totitoat3 has twenty four names, 
then [0 1 2 3] only has 120/24 = 5 distinct single cosets, 
namely Ntotitat3, Ntotitets, Ntotitst4, Ntotet3st4, and Ntytat3t,. 
Now, applying to to totitet3 = tet3tito yields: 


totitetsto = tat3titoto 


= tot3ti 
but totst; € [0 1 2) (Since (tststy)" = totits; 

where m= (3° 1 2:0) 6° N) 
Therefore, [0 1 2 3 0] = [0 1 2]. Since N° *?* has orbits 
{4} and {0, 1, 2, 3} then [0 1 2 3 k] = [0 1 2] for all k 


in. {0;. 2, 2, Sd. 
Now, applying t, to totitet3 = titetot3 yields: 
> Totytet3t,y = titeatot3t, 


=> Uotytet3ty, 


ll 


titetot4t3. 
Using the above relation to calculate the order of the 


qh eee? 


stabilizing group (see Appendix C(2)) we see that 


its order equals 120. Therefore, the number of distinct 
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single cosets in the double coset [0 1 2 3 4] turns out to 


N 120 
be ey > 56 = 1, which implies that all the single 


cosets in [0 1 2 3 4} are all equal to each other. 
Now, applying t3 to totitet3t, = tyatitetot3 yields: 


Cotiteats3stat3 = tatiteatots3t3 


Il 


Catytato 

but tatitetp € [0 1 2 3] (since (tatitet 9)" = totyte2t3, 
where mn = (4 0 3) € N). 

Therefore, [0 12 3 4 3] = [0 12 3]. Similarly, 

pO td, 2.3 ar) =. RO. A 2 Say ee ea am a 10, ly 27) Bh Ay 


which implies that n'1+?3* 


is transitive. Therefore, we 
must have found all the double cosets as illustrated in 
Figure 8.3. 


The labeling used for the single cosets of N in G is given 


by: 


Label Coset 


W 
aN) 
ee 
Pe 
tou tS 


DO WDADOHP WN 
Oo 
iy 
——) 


ay 
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Ts 
iy 
13. 
14. 
Ls 
LG. 
Ly 
LB 
Los 
20% 
Zaks 
22% 
23 
24. 
20% 
26% 
Dols 
aes 
Ao. 
30. 
eae 


— 
i 


fee OR pas a meee | 
oO oO 


[01234] 


WwW & W 
boos us 


PNNFRFRFPEHFRWWNHNWNNE PEP BAS 


Figure 8.3 


a ee ot ae Cy 


NWWWNHNABR A WEB WBWD 
a pp ae oy es a 


[0123] [012] 


Cayley Graph of 2* : (Ss x 2) over Ss 


a 


The action of the symmetric generators on the cosets of N 
in G is given by: . 


to = (32,5) (1,6) (2,7) (3,8) (4,9) (10,16) (11,17) (12,18) (13,19) 
(14,20) (15,21) (22,26) (23,27) (24,28) (25,29) (30,31) 


te = (32, 1)-(5;7 6) (2; 10) (37221) (47 12) (7,16) (8,17) (9; 18). 13, 22) 
(14;23) (5,24) (19,26) (20,27). (21, 28) (25; 30) (29,32) 


(32,2) (5,7) (1,10) (3,13) (4,14) (6,16) (8,19) (9,20) (11,22) 
(12 923)(15 725) 117, 26) 0187 27)-(21, 29). (24, 30)(26 31) 


t2 
ts = (32,3) (578) (1, 2L) (2,13) (4515) (6417) 07:19) 197 21).(10,22) 
(12,24) (14,25) (16,26) (18,28) (20,29) (23,30) (27,31) 


(3254) (54 9) (lig 2Z 25 14) 13715) (6718) (7520) -(8,21) (10,23) 
CLL p24 ls; 25) (16,27 (17,28) 4197.29) (22, 30)-(26,41) 


ta 


Group 24 : Ss 
Factoring the progenitor 2*° : Ss by the following relations 
(C0 TV tel* wand. 10> 2-2 Ss 4 yeg? 
yields the finite homomorphic image: 


Vile es? 
(CO SE P40. 23 ay ep 


A symmetric presentation for the above image is given by: 
RSV EL Sy YO“ Tk oye, 
SS PSS ye Be OR ED Oe Bee EO ey 
(t, (y*x*4) *(x%4) *y* (y*x)), (t,y*(y*x)), 
Copy Oye ye. “EP ee Ed CO ae) Fe AR oy 
where N = Ss = <x,y,t|x*5, y*2, (x * y)%4, 


Be a AE RB ET SN DS RY SS BP 
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and the action of x and y on the symmetric generators is 


given by 


yr (1 2). 
Double Coset Enumeration: 
Before looking at any relations, it should be mentioned 
that G will not be symmetrically generated by {to, ti, to, 
t3, ta}. As a matter of fact, the set of involutions as 
mentioned before will only generate a subgroup of G of 
index 32. 
Expanding the relations [(0 1)to]* = 1 yields: 


(uty)? = > where = (0 2) = ON 


=> (Id) tito = toti 

=) tety State for eld ay ay ke 0 dy By Sy Ae 

So, the double coset [0 1] has 5 © 4 = 20 single cosets. 
But since tot; has two names, then [0 1] only has 20/2 = 10 
distinct single cosets, namely Ntoti, Ntot2, Ntot3, Ntota, 
Ntit2, Ntit3, Ntita, Ntet3, Nteta, and Nt3t,. 

Now, applying to to (1) we have 


toti = tito 
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=> tTotityp = titoty 


II 


tir 
but tye LO]. Csance ti" = kop whereun = (0.1). -e Ns 
Therefore, [0 1 0} = [0]. Since N+) has orbits {0, 1} and 
{2, 3, 4} then [0 1 i] = [0] for all i in {0, 1}. 
Now, expanding the relation [(0 1 2 3 4)to]° = 1 yields: 
We, (ey oe eee ey” =p. where: S00 1 2S 4) ce 
=> (Id) tatstetito = 1 
=> totite = tats; 
but tat3 € [0 1], (since (tgt3)" = toti, 

where m = (0 4)(1 3) € N). 
Therefore, [0 1 2] = [0 1], which implies that [0 1 j] = 
[0 1] for all j in {2, 3, 4}. So, applying either t2, t3, 
or tg to toti € [0 1] will loop back to the same double 


coset. 


(*] [0] (0 1] 


Figure 8.4 Cayley Graph of 2° : Ss over Ss 


Lez 


Therefore, we must have found all the double cosets as 
illustrated in Figure 8.4. 


The labeling used for the single cosets of N in G is given 


by: 
Single 
Label Coset 
16. [N] 
dee IPL 
2. [2] 
3:2 £33] 
4. [4] 
5 OJ 
6. [0 1] 
hee “P24 
Be. [Oe 3] 
9. [0 4] 
i 9 ae be oe 
Li. [2.3] 
125, [°4] 
Los [2°3] 
14. [2 4] 
Loy SES 4 


The action of the symmetric generators on the cosets of N 
in G is given by: 

tq = “Cle, 5) 45,6). (2,7) (8, 8)1479)- (10,15) (dt, 14127 13) 

tao= C16) toy 6) (220 ey Lee Te yaa, 1S ee 4) 193 

Ge -=. (16,2) (52 7) (1,10) (3,138) (4 414)(6,-15). (8,22) (9, 12) 

ts = (16,3) (9,8) (1,12) (2,73) (4,15) (6,14)-(7, £2).¢9,10) 


ta = (16,4) (5,9) (1,12) (2,14) (3,15) (6,13) (7,11) (8,10). 
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CHAPTER NINE 


SYMMETRIC REPRESENTAION OF P2L2(49) ELEMENTS 


Introduction 

In this chapter we will show that the group P2ZL2(49) is 
generated by 5 involutions which are permuted, by 
conjugation within P2L2(49), by a subgroup isomorphic to Ss, 
and that each element of PxIl2(49) can be written (not 
necessarily uniquely) as a permutation of Ss on 5 letters 
followed by a word of length less than or equal to seven in 
these generators. 
Factoring the progenitor 2*° : Ss by the following relations 

[0 2 2)43 4 )te)", (40 2. 2-3 4)to]*) ane: [O° 1) tg]* 


yields the finite homomorphic image: 


ae eee 
G4e) ee = oe eS ee 
(Oat 2) 4er At “C0: A 2 Bae FeO se 


where the index of Ss in G equals 980. G = PxL2(49), the 

projective sigma linear group. 

A symmetric presentation ae the above image is given by: 
RPV eo Veep a a ae ee A ER Be A Se ES 
* Ke-2 By * x, t*2, (try), (t, y*(y*x*y*x)), (t, 
CY oC re EA EY RT OLY RE 


CYR AOA) Oly Otay had) ee Ty 
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= 
LB 
O 
K 
oO 
Zz 
Il 
Y 
on 
Ii 


<x,y,t|x*5, y*2, (x * y)*4, x * y * x%*3 
and the action of x, y on the symmetric generators is given 


by 


Double Coset Enumeration 
The double coset [0] has 5 distinct single cosets, namely 
Nto, Nti, Ntz, Nt3, and Nt,. Meanwhile, the double cosets 
[0 1] and [0 1 0] each contain 20 single cosets where N°? ? 
and N®?+® both have orbits {0}, {1}, and {2, 3, 4}. 
Now, expanding the relation [(0 1)to]® = 1 yields: 


(mtp)® = 1, where n = (0 1) EN 


7 6 5S 


SH egy CE) Mea CE (eae tay St 

> Eland aed = 1 

The double coset [0 1 0 1] contains 5 * 4+ 1 * 1 = 20 
single cosets, but since stk has two names, then the 


number of distinct single cosets in [0 101] = = = 10. 
Applying tp to (1) yields: 


totitotito = titotitoto 
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Citotitoto 


li 


= titoty, 
but titoti e€ [0 1 0] (since (titoti)" = totito, 
wens m= (0 1) EN). 
Therefore, [0 101 0] = [0 1 OQ]. 


Since N%°1°.) has orbits {0, 1} and {2, 3, 4}, then 

[0 101i] = [0 1 0] for all i ni ogee (0 gm Oe ae 

Applying tz to (1) yields: 

Cotytotite = tyitotitote. 

The double coset [0 1 01 2] contains 5 * 4* JT ¢ 1] * 3 = 


60 single cosets, but since totitotit2 has two names, then 
the number of distinct single cosets in [0 101 2] = 7 = 


30: 
Now, tptitotitetp can be written as 
Cotitotitato = toti(l 2 0) (3 4) totati 
= (12-0) 43 4) Ciletotati, 
but titetotet; € [0 12 1 0] (since (titgtoteti)" = tot itetito, 
where m = (0 21) EN). 
Therefore, fO LO 1 2:0) = [0-2-1 OQ). 
Since (Ni? *? =) has erbits: 12}; (0) 1}, and (35.43, -ehen 
ORL. 202 SL pe ee Oe ah 2 de OJ) ae Sea 9s a, SO ey 


Sittitarly, [0 2:0 2 Ay) = [0 1°21) for all h in {3, 4}. 
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The double coset [0 1 0 2] has 60 single cosets. 
Now, totitotet; can be written as 
totitoteti = to(O0 2 1) (3 4) titeto 
= (0 2 1) (3 4)tetiteto, 
but tet itetp € [0 1 0 2] (since (totiteto)"™ = totitote, 
where m = (0 2) EN). 

Therefore, [0 1021] = [0 10 2]. 
Similarly, since ices? 2) has -orbite, {0% 413% 12) end 
{3,. 4) them [0 sl 0.220} = [0 1.2 3 0) for all ko in. 43,4}. 
The double coset [0 1 0 2 0] contains 60 single cosets. 
Now, totitoteteti can be written as 
totitotetoti = toti(0 1 2) (3 4) titetitote 

= (0 1 2) (3 4) titetitetitote 

= (0 1 2) (3 4) tatitetititote 

= (0 1 2) (3-4) tatitetote, | 
but tetitetote € [0 1 0 2 0] (since (totitetote)" = totitoteto, 

| where n = (0 2) € N). 

Therefore, [0 10201] = [0102 0]. 
Now, totitotetote can be written as 
Cotitotetot2 = totiteztotato 

= (0 2 2) (3 eeseeiee. 
but totetitetp ¢ [0 1 2 1 0) (since (totetiteto)" = totitetito, 


where m = (1 2) € N). 
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Therefore, [0 1 0 2 0 2] = {0 121 0]. 

Similarly, since N'°*°* has orbits; {0}, 41}, 42}, and 
{39 4): then. (0: 202-0 mp = [0-1-2 1.3.1) for all main 
(op 4} 3 

The double coset [0 1 2] contains 60 single cosets where 
Ne ot has orbits Ol, (ily, 42}. and 13) 4k: 

Now, expanding the relation [(0 1 2) (3 A\taj" yields: 


(mto)’ = 1, where n = (0 1 2)(3 4) EN 


=> (1 2 0) (3 4) totatitotetito = 1 
but toteti € [0 1 2] (since (tot2ti)" = totito, 
where m = (1 2) EN). 


Therefore, [0 1 2 0] 


0 ee ae ee 

The double cosets {0 1 2 1] and [0 1 2 1 0] each contain 60 
single cosets where nie? 22) and nM@+22% both have orbits 
{O}, {1}, {2}, {3, 4}. 

Furthermore, it can be easily verified that 

UO she ah Ses) A POE Oe ae ae! sean: «POs Me ey Ss Oe Os 
Now, totytetitote can be written as 


Cotitetytote = toti(l 0 2) (3 4) tototi 


ll 


(1 0 2) (3 4) teatotetoti, 
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but tetotetoti € [0 101 2] (since (teatotetoti)" = totitotite, 
where mn = (2 01) €N). 
Therefore, [0 12102] = [0 101 2]. 
The double coset [0 1 2 1 0 3] 120 single cosets. 
Now, totitetitot3t, can be written as 
Cotitetitot3t, = totite(3 1 4 0 2)t3totite 
= (3 1 4 0 2) totat3t3totite 
= (3 1 4 0 2)totatotite 
but tetatotit2 € [0 1 2 3 0] (since (tatqatotit2)™ = totitet3to, 
where m = (0 2)(1 3 4) € N). 


iheretore,, [TO 1-2-b 0 34] LOL 232-0 he 


i 


Samer yy PO 2. SL] PO. 2 SB] ame 0 SL 2 0 3 
Ze Oe 2d ek 

The double coset [0 1 2 1 0 3 0] contains 120 single 
cosets. However, using MAGMA we can see that totitetitot3to 
has four names (see Appendix peli namely Ntotitatytot3to = 
Ntztotetot3tats3 = Ntitatetatitoti = tat3tat3t,gtit,. Therefore, 


the number of distinct single cosets in (O° Ot .623 0] is 


given by = = 30. 


Now, applying t3 to Ntot tet itot3to = Nt3totatot3tqt3 yields: 


Ntotitetitot3tot3 = Nt3totetot3tatsts 


Nt3tot2tot3t4, 
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but t3totatotz3t, € [0 1 21 0 3] 

(since (Nt3totetot3tat3)" = Ntotitetitot3, where n = (1 4 3 0) e€ 
N). 

Therefore [01.2 2.0.3: 0 3)-=] 10 121-0 3}. 

However, since Ni +2493 nas orbits (2): and {0, 1, 3, 4) 
rhene [0 Ste 03:00) = POA? body 31. fer eld. pa 00. a5 
3, 4}. 

Similarly, [01210302] = {0 12103 0]. 

Now, expanding the relation [(0 1 2 3 A)tp]® = 1 yields: 


(mtp)® = 1, where n = (0123 4) EN 


=> (0: 3s V4 2) totitotats3tetity = 1 


>]totitet3 = (0 3 1 4 2) toatitot,. (3) 


The double coset [0 1 2 3] contains 5 * 4 ¢ 3 *« 2 = 120 
single cosets. However, since totitet3 has two names, then 


the number of distinct single cosets in [0 1 2 3] turns out 
to be — = 60. 


Now, applying t, to (3) yields: 


il 


Cotitat3t,q (0 3 1 4 2) toetytotaty 


(0 3 1 4 2)tetito, 
but Cotito € [0 1 2 | (since (tatito)” = Cotito2, 


where m = (0 2) e€ N). 
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Therefore, [0 1 2 3 4] = [0 1 2], but since N®??®* has 
orbits {1}, {0, 2}, and {3, 4} then [0 1 2 3 q] = [0 1 2] 
for all q in {3, 4}. 
Now, totitet3ti can be written as 
totitetsti = (0 3 1 4 2)totitotati 
= (0314 2) ts (0 4 1) (3 2) titsgto 
= (2 4 3 0)tstitato, 
but t3titatp € [0 1 2 3] (since (t3titato)" = totite2t3, 
where nm = (2 4) (3 0) E€ N). 
Therefore, [0 123 1] = [0 1 2 3]. 
The double coset [0 1 2 3 0] has 120 cosets. 
Now, totitet3tot2e can be written as 
totitet3stot2 = (3 0 2) (1 4) totatatots 
= (3 0 2) (1 4)t2(4 3 2 1 02) totetati 
= (1 3 4 0)tytotetati, 
but titotetyati ¢€ [0 1 2 3 0} (since (tytotetgt1)" = totytet3to , 
where n = (0 1) (3 4) € N). 
Therefore, [0 123 0 2] = [0 12 3 0]. 
Now, totiteat3tot, can be written as 


Cot itet3tot, = toti(2 4 3 1 0) tot3teati 


(2 4 3 1 0) tatotot3t2ti, 


(2 4 3 1 0) tat3teti, 


Lot 


but tet3teti € [0 1 0 2] (since (tet3teti)” = Cotitote, 


where n = (3 12 0) e€ N). 


Therefore, [0 123 0 4] [0 10 2]. 


Similarly, [Oe 12: 3) 0.8] pOwds 2d 34) ane: PO A 233006 ly) = 
POO 2b O33 
The double coset [0 1 2 1 3] has 120 single cosets. 
Now, totiteatit3t2 can be written as 
totitetit3t2 = toti(l 3 2) (0 4)tetsti 
= (1°3°2)(0 4) tgtstatszti, 
but tat3tet3t; € [0 12 1 3] (since (tgt3tet3t1)" = totitetit3, 


where m = (1 3)(0 4) € N). 


il 


Therefore, [0 1 21 3 2] f'O" 2 2d 3] < 


boy ae Ss 


II 


Simvlar.y; "LO: 727k. 3-4] 
Now, totitatit3to can be written as 
totytetit3to = toti(2 0 1 4 3) t3titet, 

= (2 0 1 4 3)titat3titet, 

= (1 3 0 4)tyts3tatet, 

= (1 0) (2 3 4) tqts3titot, 
but tat3titot,g € [0 1 2 3 0] (Since (tat3tetitots)™ = totiteat3to, 

where m= (1 2 4 0 3). e€ -NY. 

Therefore, [0 1213 0] = [0 12 3 0]. 
The double coset [0 1 2 1 3 1] has 120 single cosets where 


nO t223") has orbits {0}, {1}, {2}, {3}, and {4}. 
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Purthermore,;. -10- 41.2. 1.-3 3). 3] -S))0) 2 2: Slip Oot 2a 
2). se (0 ok 2 SL) and [Oh 21-3 1) 4] S02. 0-2: 01; 

The double coset [0 1 2 1 3 1 0] contains 120 single 
cosets. However, using MAGMA we can see that totitetit3tito 
has five names (see Appendix D(2)), namely Ntotiteatit3titg = 
Ntztatotatatet3s = Ntgtot3totitota = Nt it3tqt3tet3ti = 
Ntotatitgtotat2z. Therefore, the number of distinct single 


120 
cosets in [0 121310] = = = 24, 


Now applying t3 to Ntotitet t3titg = Nt3tototetgtots; yields: 


Ntotitetit3titot3 = Ntztetotetytet3t3 


Nt3tatoteatata, 

but t3teatotetyt2 € [0 121 3 1] 

(since (t3tetotetat2)" = totitetit3ti1, where n = (1, 4, 3, 0, 2) 
e N). 

Theretore,: [0.41 21.3 1.0 3) = [0-1-2 2-3 2i4 


Similarly, since wie? 2424.0 


is transitive on {to, ti, to, 
t3, ta}, i.e. has orbit {0, 1, 2, 3, 4}, then [0 121310 
Pe) oul hoe 2S) or all an40,: ad, 2. 35. Ab. 

The set of all double cosets [w] = NwN, coset stabilizing 
subgroups N™), and the number of single cosets are 


exhibited in Table 9.1. The table shows that the Cayley 


Graph of G.over N has the form as displayed in Figure 9.1. 
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Table 9.1 The Double Cosets [w] = NwN in G, 
Where N = Ss 


Number 
NwN Reason of single 
cosets 
oS A 
[0] nN! = <e> has orbits {0}, {1, 2, 3, 4} 5 
[00] = [*] 
[01] wo?) = <(24), (234)> has orbits {0}, {1}, 20 
(2) oy: Aa 
[010] wie 2% = <(24), (234)> has orbits {0}, {1}, 20 
(2). 3y-A} 
[0101] Nee Oe ee IDS Ay.. OEY s. (O1y 2: (01 (203). 20 
(O1) (23), (01) (234), (01) (34), (01) (24)> 
has orbits {0, 1}, {2, 3, 4}, 0101 = 1010 


and for all i in {0, 1} 
[0101i]=[010] 


[01012] ie heheh Se (Oi) > (01) (34) > has Orb te: 12 hy 
{O, 1}, {3, 4} and 01012 = 10102, also 
010120 = 01(120) (34)021 = (120) (34)12021 
and (12021)" = 01210 where n = (021) EN 
{010120]=[01210] 


010123 = (01) (34)2434 and (2434)" = 0121 
where nm = (14) (032) €°N 
[010123}]=[0121] 


[0102] Nite ah Se 3a) has: Orbits {Ody Li} AZ 
{3, 4}, 01021 = 0(021) (34)120 = 
(021) (34)2120 and (2120)" = 0102 where 
tm = (02) EN 

[01021]=[0102] 


01023 = (04213)42014 and (42014)" = 01230 


where m = (02134) e€ N 
[01023]=[01230] 
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60 


[01020] io Ae 2k = (BAS Has orbits: 1005 f1y; 124, 60 
{3, 4}, 010201 = 01(012) (34)12102 = 
(O22) (34) 1219702 =. (012).(34) 21202 “and 
(21202)" = 01020 where n = (02) EN 

(010201]=[01020] 


010202 = 012020 = (120) (34)02120 and (02120)” 
= 012120 where mn = (12) EN 
{010202]=[01210] 


010203 = (034)042414 and (042414)" = 012131 
where nH = (134) EN 
(010203]=[12131] 


[012] NOS 2) =e 34) Shas orbits 40}, (1). {2k 60 
(3, 4h, 0120. = (120) (84) 021. and 30015" "= 
012 where mn = (12) eE€ N 

[0120]=[012} 


{3, 4}, 01212 (12) (34) 34340 and (34340)"” 
= 01012 where = (023)(14) Ee N 
[01212]=[01012] 


0121) wf t22) = <(34)> has orbits {0}, {1}, {2}, 60 
Tl 


[01210] pire heh 2 (eays has orbres: 10), Tiss (Oi; 60 
{3, 4}, 012102 = 01(102) (34)201 = 
(102) (34) 20201 and (20201)" = 01012 where 
m = (012) Ee N 

[012102]=[01012] 


012101 = (012) (34)02010 and (02012)" = 01020 
where m = (12) EN 
[012101]=[01020] 


(OL2703), NN otk ees hes orbtes f0b ps fla Aor 120 
{3}, {4}, 0121034 = 012(31402) 3012 = 
(31402) 24012 and (24012)" = 01230 where 
m= (02) (134) Ee °N 

[0121034]=[01230] 


-0121031 = (0432)413142 and (413142)" = 


012103 where n = (04)(23) EN 
[0121031J=[012103] 
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0121032 = (1432)143424 and (143424)" = 
012131 where n = (23) (041) Ee N 
[UL22032)=(01l2131) 


(0121030] N’®?212°3% = ¢(1034)>. has orbits {2} 
{1, 3, 4, 0}, 0121030 ~ 3020343 ~ 1424101 
~ 4323414 and for all j in {0, 1, 3, 4} 
[01210304 ]=[012103] 


01210302 = (01) (432)1020141 and (1020141)" 
= 0121030 where n = (01) (34) EN 
[01210302]=[0121030] 


[0123] Whe 2 29) = 2190) 434) > has Grbits, {it 70; 2; 
{3, 4}, 0123 = (03142)2104 and 
01231 = (03142)21041 = (03142)2(041) (32)140 
= (2430)3140 and (3140)" = 0123, where 
m = (24)(03) e€ N 

[01231]=[0123] 


[O1230}. ni) 49.0) = eesonas orbits 10}; 1t), 42}; 
{3}, {4}, 012302 = (302) (14)24203 = 
(302) (14) 2(43210)0241 = (1340)10241 and 
(10241)" = 01230 where n = (01) (34) Ee N 
[012302]=[01230] 


01234 01(24310)0321 = (24310)2321 and 
(2321)" = 0102 where nm = (3120) € N 
[012304]=[0102] 


012303 = (23) (014)32421 and (32421)” 
01213 where n = (42130) EN 
[012303]=[01213] 


012301 = (02134)230324 and (230324)" 
012103 where nm = (02) (143) Ee N 
[012301]=[012103] 


ll 


FO1213) Nie hel = “es has -orbite £0), (ia, ox, 
{3}, (435. 012132 =-01 (132) (04) 231. = 
(132) (04) 43231 and (43231)" = 01213 where 
m = (13)(04) Ee N 

[012132]=[01213] 
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30 


60 


120 


120 


)3124 = (204143) 143124 


43 = 
10) (234) 43104 and (43104)" = 
( 


OL12130- = 01 (201 
(1304)13424 = ( 


01230 where n 12403) e N 
(012130]=[01230] 
POL2tST yy on ted eo ees hes Orbits: (Ody TS ok 120 


{3}, {4}, 0121313 = (032) 403042 and 
(403042)" = 012103 where mn = (140) (23) e€ N 
[0121313]=[012103] 


0121312 = (04) (23) 432313 and (432313)" = 
012131 where n = (13) (40) EN 
[0121312]=[01213] 


0121314 = (014)03020 and (03020)" = 01020 


where nm = (13) EN 
[0121314]=[01020] 
[0121310] N'®+22312% = ¢(12034)> has orbit 24 


(0, ty 2¢ 3% Shp OlL2Z1310'-~ 3202423 = 
4030104 ~ 1343231 ~ 2414042 and for all 
k in {0, 1, 2, 3, 4} 

[0121310k]=[01213] 


The Cayley graph of PxI2(49) over Ss has as vertices the set 
of right cosets of N in G, i.e. the set Nwi, where wy are 
words in T. The diagram below illustrates each orbit of N 
in its action on the vertices by right multiplication which 
is represented by a single node, labeled with the number of 
vertices that it contains. Lines in between these nodes 
are labeled with integers to denote how many edges from a 
vertex of one node will lead to the vertices of the other. 
At this point we can calculate the action of the five 


symmetric generators on the cosets of PuL2(49) over Ss. 


LOT 


[0123] [01230] 
u\ 


[0101] 


[0102] 


[A 


Figure 9.1 Cayley Graph of PXL2(49) over Ss 
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The action of the symmetric generators on the cosets of N 


in G is given by (see Appendix D(3) for the labeling): 


to = (1, 2) (3, 6) (4, 7) (5, 9) (8, 14) (10, 19) (11, 20) (12, 23) 
(13, 24) (155-29) (16, 30) (LT 32).Cie,. S38). (21, 38) (22, 
40) (25, 45) -€26,- 46) (27, -47)-(28) 48) (31, 53) (34,.'60) 
(3p; 01) (36, 69) 131 66):(59;. 70):(Aly FAp4 425. J5)(43, 
TO} (44, Bly (49, 92) (90, 93) (51, 96) (52, G2) (54, LOT) 
(95,102) (56, 106):(57, 68) (58, 109)-(59, 110).(63, 114) 
(64, 116) ( LZO) COO» AZT A The LAS CI M26 YC ag, 28) 
(iG, LSZ) i tp. BS) 18> Lea) (807-137) (625 -1240)-(83;,. 41) 
(84, 142) ( 143) (87,146) (88,. 133) (89, 148) (90, 138) 
COL > Lo): 4 159) (95 156) (9 260) (98>) 1617-699; 162) 
(100, 107) (103, 167) (104, 168) (105, 169) (108, 172) 
(thy LYS) (112, 179) (lS L80) (115, 184) (117; 168) 
CLR. Tot CI Sy. LS C22 TOS) i234 Leo) 412d... 200) 
Clevy7 205) C1299..210) (130y 201) (131, 21SIi35y.. 220) 
(136, 221) (139, 224) (144, 170)(145, 231) (147,, 234) 
(LAS, 257 )-CLoly 240) 4 1S2,. 241) (153,244) (iba, 245) 
(137, 201) ( Loe; 252) (199, 254 ties, 260) (164,> 261) 
(165) 202) (160;, 226) (171, 268) (173). 273) (174, 267) 
(iO, 236) (Li tp 211) (278, 279). 4 81,, 284) (182, 287) 
(183, 214) (185, 292) (186, 293) (187, 294) (189, 256) 
(190, 297) (192, 300) (194, °304) (195, 305). (196;.. 306) 
(197, BOT) (201, 312) (202, -313).4203;; 316) (204-212) 
(206, S19). (207, 320) (208, 275) (209, 322): (215,. 328) 
(216; 331) (217, 332) (218,. 334) (219; 336).(222, 341) 
(2235 343) (2257-345) (2277 347) (2285 343) (229. 3277) 
(2207. 3509 (232); B53 y233) 854) (295. 356). (036-- 247) 
(239, 359) (242,. 363) (243, 364) (246; 369) (248, 371) 
(249, 392) (200; 274) 4253, S7L(255> S719) 25 7p 380) 
(258, 383)-(259, 384) (263, 390) (264; 391) (265,. 274) 
(266, 393) (269, 396). (270, S98): (271 ;) 399) (272, 355) 
(276, 403) (278, 407) (280, 409) (281, 412) (282, 414) 
(283, 416) (285, 361) (286, 419) (288, 318) (289, 422) 
(290, 424) (291, 425) (295, 430) (296, 308) (298, 434) 
(299, 435) (301, 310) (302, 440) (303, 441) (309, 447) 
(311, 449) (314,- 454) (315, 455) (317,394) (321, 462) 
(323, 464) (324, 468) (325, 469) (326, 471) (329, 474) 
(330, 475) (333, 481) (335, 484) (337, 488) (338, 457) 
(339, 490) (340, 491) (342, 494) (344, 497) (346, 500) 
(349. BIZ) ASS 1. SUSI SoZ 7. 3G) (357, SL0)(358. S11) 
(200,. S13)-(36Z2¢ S315)(365;- 489) (366, S22) (367,. 501) 
(3085; 32a) (5 10~ DZE)3 137 A297 (37S, S343) oy 2a5) 
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538) (381, 
DOT I4389, 
565) (401, 
492) (408, 
587) (417, 
598) (426, 
609) (436, 
619) (443, 
627) (451, 
637) (459, 
644) (467, 
543) (478, 
671) (486, 
680) (498, 
689) (508, 
674) (519, 
9 I3).(926, 
683)-(532; 
722) (544, 
E26) (558, 
734) (568, 
729) COBO, 
636) (589, 
GS2) C097, 
165) (610, 
TITS) (623, 
785) (640, 
799) (648, 
806) (656, 
664) (666, 
803). (673, 
823) (687; 
£12): (690% 
724)-( 705; 
PAT) CITING; 
857) (735, 
861) (743, 
SB ar 0) i 0 aa 
762) (760, 
797) (773, 
910) (788, 
856) (800, 
929) (815; 
Oley (eZ; 


387) (382, 
550) (392, 
566) (402, 
579) (410, 
590) (418, 
480) (427, 
613) (437, 
461) (444, 
628) (452, 
638) (460, 
602) (470, 
660) (479, 
642) (487, 
533) (499, 
693) (512, 
584) (520, 
707) (527, 
577) (537, 
570) (545, 
728) (559, 
739) (569, 
746) (581, 
713) (592, 
757) (603, 
768) (611, 
778) (624, 
791) (641, 
784) (649, 
807) (658, 
700) (667, 
816) (675, 
766) (691, 
831) (699, 
804) (706, 
845) (717, 
863) (736, 
869) (745, 
881) (753, 
887) (761, 
868) (774, 
909) (789, 
898) (808, 
903) (817, 
836) (829, 


541) (385, 
554) (395, 
567) (404, 
428) (411, 
591) (420, 
601) (431, 
614) (438, 
621) (445, 
553) (453, 
639) (463, 
647) (473, 
536) (482, 
672) (493, 
684) (502, 
548) (514, 
695) (521, 
708) (529, 
718) (539, 
723) (549, 
563) (561, 
741) (575, 
600) (585, 
709) (593, 
759) (604, 
769) (612, 
779) (629, 
756) (643, 
655) (651, 
737) (659, 
813) (668, 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 


~~ NNN 


) 
) 
685) (678, 
796) (692, 
819) (701, 
839) (710, 
846) (720, 
864) (738, 
872) (747, 
882) (754, 
) (764, 
) (781, 
) (790, 
) (809, 
) (820, 
) (830, 


889 
899 
826 
812 
832 
932 
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546) (386, 
446) (397, 
571) (405, 
582)(413, 
594) (421, 
605) (432, 
615) (439, 
622) (448, 
631) (456, 
509) (465, 
650) (476, 
665) (483, 
677) (495, 
S72) (503; 
618) (S17, 
7102) (523, 
FLL) 4530; 
oan) (940; 
425) (Bd; 
1319-4562; 
6635) C576; 
750) (586; 
690).:(595, 
632) (607; 
TAQ} ACTA; 
782) (630, 
794) (645, 
805) (653; 
810) (661, 
676) (669, 
818) (681, 
827) (696, 
B35) (703; 
733) (714, 
Sie ea a ea ie 
866) (740, 
874) (748, 
883) 4755, 
890). (767, 
905). (7383, 
B28)°0 792, 
924) (811, 
BIoyp (821, 
933) (834, 


547 
560 
574 
583 
Stee 
606 
616 
625 
635 
599 
657 
Die 
679 
688 
626 
556 
Fi2 
719 
686 
Yo2 
744 
foi 
652 
763 
775 
727 
798 
793 
694 
780 
822 
786 
837 
801 
850 
867 
876 
802 
894 
908 
91:3 
927 
931 
935 


Ss ese eae aia eee ae ee eee ee eee es es as eas as as as asa es Ses es ese ase ase a eae we es 


(835, 936) (838, 865) (840, 922) (841, 937) (842, 901) 
(843, 938) (844, 873) (847, 878) (848, 942) (851, 944) 
(852, 896) (854, 945) (855, 946) (858, 947) (859, 923) 
(860, 946) (862, 915) (870;,. 926) (871, -953) (875, 955) 
(879, 904) (880, 943) (884, 959) (885, 952) (886, 930) 
(888, 960) (891, 962) (892, 917) (893, 954) (895, 963) 
(897, 906).(900,. 939) (902, 949) (907, 967) (911, 965} 
(912,.-972) (914, 973).(918,. 968) (919, 940) (920, 961) 
(921, 974) (925, S75) (928, 976) (934, 951)°(941, 979) 
(950; 966) (956,97 1) 4957, 980). (958) 971) (964): 978) 
(969;- O70) 


(1, 3) (2, 12) (4, 26) (5, 10) (6, 36) (7, 43) (8, 15) (9, 51) 
(Ti 60) CLS, “B31 47~ 87) C6, Se )“(l 7) 34) C16, 4l) (19, 
Lt2) (20; 118) (21, 54) (22,85) (23; 65) (24> 139):(25,- 56) 
(2h ¢: L223) 428 p49). (295. 153) 130, -35) (ol, 83) ¢32,~ 165) 

Soy Foy (Shy “L95) €365: 197)(39,- FL) (40>. 203). (42,2143 


( 
( ( 
(44, 109) (45, 227) (46, 229) (47, 223) (48, 235) (50, 247) 
(a2, 2Ze5)S3e 258y(55,-\263) 657-270) - 0583 ee. ety 
(605: 275) (61, 281) (62, (TIS) (63;° 217) (o4,.- 256). 66 302) 
(67; LEZ) (69 160).(70;., 203) (72,7. 186) (73%, 129)-(7 324) 
C75, °326) (16.206). (79; -135)(78_ -226)-(795- S27 yes 94) 
(82, 105) (84, 147) (86, 267) (89, 357) (90, 151) (9 232) 
(92; - 361) (93>) 366) (96, 179): (97, 121): (9S, san ioo: 
163) (L01,. 387) (102; 152) (104,. 170) (106, 394) (107, 378) 
(108; 265) (210, 269) (lil, 148) (123, 417) (i104, 315) 
(LIS, 26S) (L1G, 428) (1297 -224).41 205. 44a) 122, (248) 
(1245 ZOLA AL2 SAS 2IAI 26. 130) (127. SOS) i278, 60) 
(doh, 279) hi s2,, 27S) (133, 216) (134, 478). 4136, 492) 
(137, 389) (138;,. 164) (140, 498)(141, 193) (142, 502) 
(143, 503) (144, 168) (145, 236) (146, 244) (149, 355) 
(150, 228) (154, 526) (155, 501) (156, 468) (158, 430) 
(159, 351) (161, 412) (162, 437) (166, 495) (167, 553) 
(16S, 438)(1lily 359) (172; S61 pl 7a, 459)-(1-75,. 568) 
(176, 344) (L777, 280) (173,490) (180; S85)-(181, 405) 
(183, 596) (184, 321) (107; 252). (188, 602) (189, 298) 
(190, 443) (191, 398) (192, 314) (194, 286) (196, 423) 
(198, 392) (199, 328) (200, 624) (202, 570) (204, 556) 
(205, 600) (207, 640) (208, 262) (209, 456) (210, 642) 
(211i, 457) (212, 402) (213,219) (215; 343) (217, 649) 
(218 » 389) 42205. 216) (227, 670) (222,. ABD) (225, 254) 
(230, 666) 4231, 692):(233, 674) (234, 685) 4237; 697) 
(238, 385) (239, 509) (240, 662) (241, 698) (242, 365) 
(243, 551) (245, 564) (246, 517) (249, 294) (250, 375) 
(291,- 119) (293% S31) (257, 548) (259, 446) (260,. 493) 
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664) (264, 
400) (273, 
408) (282, 
746) (288, 
338) (295, 
661) (301, 
575) (307, 
780) (313, 
386) (322, 
507) (331, 
485) (336, 
824) (346, 
519) (353, 
447) (363, 
841) (370, 
847) (379, 
853) (390, 
777) (397, 
870) (407, 
714) (418, 
884) (424, 
896) (436, 
449) (448, 
576) (462, 
487) (469, 
740) (477, 
928) (484, 
545) (496, 
739) (511, 
934) (520, 
627) (525, 
719) (535, 
854) (543, 
773) (560, 
573) (569, 
621) (581, 
645) (587, 
834) (593, 
914) (603, 
781) (611, 
871) (626, 
821) (632, 
688) (641, 
904) (652, 
679) (665, 


588 
504 
440 
700 
3/2 
401 
381 
783 
O99 
383 
339 
616 
828 
743 


“529 


689 
831 
690 
667 
637 
718 
766 
S71 
762 
866 
742 
620 
681 
558 
703 
576 
812 
897 
ei Be, 
734 
605 
god 
899 
760 
650 
203 
859 
919 
958 
890 
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680 
678 
427 
514 
431 


266, 
274, 
283, 
289, 
296, 
303, 
309, 
317, 
323, 
332, 
340, 
348, 
354, 
364, 
371, 
380, 
391, 
399, 691 
409, 873 
419, 804 
429, 838 
439, 617 
453, 612 
463, 860 
470, 796 
479, 694 
486, 639 
497, 827 
512, 753 
521, 
528, 
537, 
544, 
562, 
572, 
582, 
589, 
594, 
604, 
613, 
628, 
634, 
643, 
654, 
669, 


747 
347 
500 
376 
653 
790 
415 
413 


614 
7188 
567 
675 
845 
663 
921 
826 
fil 
822 
786 
728 
ed 
Mes. 
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268, 
210; 
284, 
201, 
29 T+ 
304, 
S103 
SLB, 
S20; 
Sony 
341, 
349, 
358, 
367, 


403, 
AG: 
420, 
432, 
441, 
454, 
464, 
471, 
480, 
488, 
505, 
513, 


547, 
563; 
574, 
3855 
390; 
Ooty 
606, 
619, 
629, 
633% 
644, 
650% 
671, 


623) (271, 
494) (277, 
754) (285, 
426) (292, 
761) (299, 
733) (305, 
450) (311, 
458) (319, 
800) (329, 
651) (334, 
701) (342, 
695) (350, 
706) (359, 
550) (368, 
709) (374, 
599) (384, 
451) (395, 
868) (404, 
434) (411, 
474) (421, 
717) (433, 
516) (442, 
536) (455, 
775) (465, 
633) (472, 
729) (481, 
924) (489, 
916) (506, 
811) (515, 
546) (523, 
647) (533, 
677) (540, 
925) (554, 
735) (565, 
757) (579, 
836) (584, 
819) (591, 
883) (598, 
787) (607, 
858) (622, 
656) (630, 
971) (636, 
888).(646, 
808) (657, 
816) (672, 


577 
659 
356 
758 
771 
414 
542 
769 
476 
362 
539 
696 
549 
425 
730 
499 
855 
530 
840 
720 
610 
557 
467 
552 
658 
527 
792 
508 
809 
732 
615 
857 
901 
772 
954 
682 
666 
713 
885 
941 
829 
802 
745) 
974) 
930) 


ed 


(673, 776) (676, 785) (683, 877) (684, 946) (686, 825) 
(693.323) (699, 750) (702,. 959) (704). 9L0)-C70S;,.. 710) 
C707; 741):( 708, 917) (712, 953) (716,- 968) (722; .979) 
(723, 911) (724, 846) (725, 948) (726, 945) (727, 832) 
(731, 818) (736, 806) (737, 837) (738, 966) (744, 889) 
(749, 878) (751, 894) (752, 872).(755, 876) (756, 943) 
(759, 814) (763, 856) (764, 833) (765, 976) (767, 963) 
(768, 902) 4770, 862)-(774,. 900) (778, 863) (782,843) 
(784° 961). (789, S78) 791, O75) Cos, 965):(794;,. 839) 
(795, 891) (797,936) (798, -895).(799, -970).(801,. 973) 
(803, 926) (805, 892) (807, 830) (810, 844) (813, 893) 
(8.15; 937) (617, S12) (820): 867) (S835, 852) (849). 9947) 
(850, 851) (861, 957) (864, 944) (865, 935) (869, 913) 
(874, 927) (875, 887) (879, 907) (880, 977) (881, 969) 
(882, 942) (886, 960) (898, 950) (905, 949) (906, 980) 
(908, 909) (915;. 931) (918, 922) (920, -967) (923, 964) 
(9297 959) (932Zy 972) (933, 938) (940,-956) (952,. 962) 


(1, 3) (2, 22) (3, po , 28) (6, 95) (7, 78) (8, 17) (9, 64) 
(10 GS)CrLy teas ETAL a LAS) 4 Log 5S) 
(16, ea an Lye L90)}(21, 58) ¢ 315) (24) 173) 
(20, ts) (26; ee 5324) (28 pa Ae 342} (31,~ 90) 
(325-243) (33; ae eee w 212) (36, LOMAS Ty 25) 
(38; (255).(39;° 105) (4 116) (4 117) (42, 318) (43, 176) 
) 


(44, 144) (45, 149 ae Seo ea. 50) (48, rere 


242) a2; 191) (93,7 382)-(54,. 137) (55; 123) 45 TAZ) AST, 
SIZ AG6O, 2eop(Glp S2ZL(62). 1399-165; 3395.06 344) (67, 
LOT) (66% 299)\(69,..370):(70, 846) (71, 209). (7 423) (74, 
203) (75; 408) (76, 208) (79, 659) (80, 101) (8 402) (82, 
218) (83, 155) (84, (eae 219) (86, 265)(8 166) (88, 
229) (89>. 254) (927. 265):(9 411) (94, 141) (9 602) 997 
250) (98,7. 311) (99; Ben foes $90 ):103; BA be. 445) 
(LO7, S97) (108,. 267) (109, 454) C110, 319) (111, 496) 
(112, 410) (113, 572) (114, 467) (115, 286) (118, 439) 
(119, 381) (120, 448) (121, 171) (125, 499) (126, 558) 
(127, 310) (128, 630) (129, 466) (130, 404) (131, 179) 
(132;-495) (133, 152) (134,472) (135,°.213).4136) 663) 
(138, 330) (140, 378) (142, 164) (143, 687) (146, 743) 
(148, 159). (50;- 305): (151,- 514)(153, 520) (154. 677} 
C56 ¢ 279) 4451, -280)4158,- TUS) (160, 2eGy( Leis. 549) 
(162, 202) (163, 548) (167, 753) (168, 300) (169, 557) 
(E70, 956) (Li2, 730) (LTA; 623)-(175,. 1678) (180, 617) 
(lel, 295) (182, 303) (183, 516) (184, 620) (185, 354) 
(186, 481) (188, 468) (191, 888) (192, 273) (193, 479) 
(194, 433) (195, 396) (196, 603) (198, .683) (199, 595) 
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290 
764 
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461 
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482 
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T92 
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490 
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feck 
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210, 
216, 
993. 
229, 
234, 
244, 
249, 
257, 
263, 
274, 
281, 
289, 
299, 
308, 
316, 
333, 
331, 
337, 
345, 
353, 
359, 
367, 
374, 
383, 
394, 
405, 
414, 
419, 
426, 
435, 
442, 
453, 
469, 
476, 
489, 
502, 
511, 
523, 
528, 
536, 
551, 
566, 
581, 
596, 


629 
685 
BS 
465 
686 
447 
282 
637 
446 
656 
451 
749 
209 
892 
626 
324 
390 
569 
456 
459 
692 
665 
689 
800 
843 
soe 
547 
10S 
872 
654 
802 
820 
731 
739 
542 
790 
817 
691 
567 
866 
661 
836 
851 
136 
881 
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204, 
211, 
che ® 
204;, 
230, 
236, 
245, 
251, 
258, 
264, 
275, 
283, 
294, 
301, 
309, 
317, 
325, 
332, 
338, 
347, 
355, 
360, 
368, 
375, 
384, 
395, 
407, 
415, 
421, 
429, 
436, 
443, 
457, 
470, 
480, 
491, 
503, 
SAD: 
524, 
529, 
537, 
553, 
568, 
584, 
598, 


501) (205, 
907) (212, 
591) (220, 
562) (225, 
669) (231, 
473) (237, 
552) (246, 
478) (252, 
555) (260, 
292) (268, 
737) (276, 
573) (284, 
763) (296, 
604) (304, 
494) (312, 
634) (320, 
916) (326, 
508) (333, 
795) (340, 
420) (350, 
545) (356, 
774) (361, 
627) (369, 
631) (376, 
676) (387, 
697) (398, 
444) (409, 
610) (416, 
500) (422, 
706) (430, 
540) (437, 
585) (449, 
935) (458, 
580) (471, 
804) (483, 
576) (492, 
510) (504, 
921) (515, 
606) (525, 
770) (531, 
597) (538, 
699) (554, 
950) (571, 
632) (587, 
846) (599, 
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519) (206, 
389) (214, 
428) (221, 
563) (226, 
364) (232, 
727) (240, 
293) (247, 
586) (253, 
460) (261, 
738) (270, 
ST {277; 
788) (287, 
386) (297, 
700) (306, 
438) (313, 
406) (321, 
335) (327, 
655) (334, 
664) (341, 
400) (351, 
873) (357, 
583) (363, 
649) (372, 
570) (377, 
694) (391, 
911) (399, 
799) (403, 
667) (417, 
958) (424, 
940) (431, 
506) (440, 
707) (450, 
896) (462, 
894) (474, 
577) (484, 
518) (493, 
550) (505, 
878) (517, 
902) (526, 
622) (532, 
930) (539, 
668) (559, 
714) (575, 
954) (589, 
847) (605, 


t3 = 


(607,625) (608,645) (609, 963) (612,. 688) (613, 735) 
(614, 781) (615, 848) (616, 701) (618, 809) (621, 814) 
(628, 766) (633, 973) (635, 761) (638, 931) (639, 974) 
(640, 721) (642, 900) (643, 765) (644, 959) (646, 693) 
(647, 957) (648, -903).(650,. 810)-(653,. 684).(657, 698) 
(658, 679) (660, 715) (662, 874) (666, 895) (671, 885) 
(672, 948) (673, 791) (675, 884) (680, 862) (681, 719) 
(682,- 708) (690, 918).(695, 837) (702, 723):(705, 771) 
(109% 805): (#iz2e BS) LIL, V28) (718... 789): 7205. 726) 
(722, 854) (724, 956) (729, 923) (733, 906) (734, 882) 
(741, 899) (742, 787) (744, 747) (745, 776) (746, 880) 
(748° 830): (7 51, 920) (192,  964)0755, 871).(757;) 891) 
(758, 861) (759, 944) (762, 926) (767, 883) (768, 928) 
C769, 825) 0112 SII) IS7. S32 CIS» S57) 19, 324) 
(780, 867) (782, 942) (783, 815) (784, 934) (785, 968) 
(786, 938) (794, 937) (796, 864) (797, 806) (798, 841) 
(801, 967) (803, 929) (807, 946) (808, 977) (811, 819) 
(816, 876) (818, 915) (822, 863) (823, 975) (824, 966) 
(826, 962) (827, 828) (829, 947) (831, 945) (833, 960) 
(834, 969) (839, 897) (840, 868) (842, 889) (845, 927) 
(852, 955) (8537. 965) 1856, 970):(858,. 877) (865; -905) 
(870, 910) (879, 949) (887, 925) (890, 972) (893, 976) 
(908, ~S51)'(909,. S19) (914>. S43) (917, 953).(943,.. 980) 
(1, 8) (2, 31) (3, 39) (4, 21) (5, 25) (6, 103) (7, 108) (9, 
LAS CLO, L2AZ) Cely, B2j4T2 5. 133) (1 Sy 76) C14, aay CS, 
VTS) (EG, 94) ALT, 67) (18; B2)(19;7 225) (20.269) (22, 
£38) (23, 321 ):(24, 86) (26, 259) (27, 144) 428,97) (29; 
CY) (30,- 299) (S2,, 145) (33,266) (34, 59) (35, L176) 436; 
296) (37, 131) (38, 373) (40; -448) (41, 303) (42, 212) (43; 
272) (44, 222) (45, 333) (46, 392) (47, 163) (48, 378) (49, 
L€Z)(50, 226) (Sly 274) 452, ° 253) (53,205) (94, 283) (55, 
150) (56, 278) (57, 269) (58, 181) (60, 442) (61, 576) (63, 
194) (64, 301) (65, 578) (66, 257) (68, 342) (69, 104) (70, 
S00; Cie ABS) Cl2, S14) (7S): 189) (4 276) (95 2eO CTT 3 
111) (78, 247) (79, 667) (80, 340) (81, 239) (83, 89) (84, 
C2 TGS, Til) (Be, s6B0)190,7 246). (91) £02) (935. 701) (95; 
Lea) (96,: 714): (98, 421) (99). SbL) (100, 223). (1011p 227) 
(LUS; 335) (106, 197) (107; 235) (109, 346) (210, 593) 
(L125. 992) (i 13, 188) (114, 362) (116; 649) (147, 227) 
(Lies. 496) (1i9; -436;(120, 607) (12), 4258 )(1235,-: 234) 
(124, 317) (125, 258) (126, 564) (128; 382): (129, 209) 
(130, 465) (132, 784) (134, 754) (135, 547) (136, 489) 
(137, 151) (139, 404) (140, 449) (141, 516) (143, 648) 
(La6y 158) (LAT) 199) (148, 636) (152,439) "153% 581.) 
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428) (155, 
598) (161, 
323) (167, 
429) (173, 
537) (180, 
364) (189, 
626) (195, 
345) (202, 
384) (208, 
590) (215, 
566) (220, 
339) (231, 
481) (238, 
584) (244, 
295) (251, 
473) (262, 
558) (268, 
683) (277, 
919) (286, 
553) (293, 
380) (300, 
954) (308, 
512) (316, 
920) (325, 
600) (334, 
943) (343, 
705) (350, 
624) (356, 
663) (363, 
580) (371, 
506) (377, 
708) (389, 
615) (398, 
887) (406, 
952) (413, 
556) (423, 
670) (434, 
815) (446, 
957) (456, 
525) (464, 
526) (474, 
759) (483, 
829) (490, 
841) (500, 
534) (508, 


320) (156, 
623) (162, 
426) (168, 
570) (175, 
365) (182, 
360) (190, 
309) (196, 
539) (203, 
470) (210, 
285) (216, 
643) (224, 
763) (232, 
549) (240, 
291) (245, 
499) (252, 
545) (263, 
71101270; 
460) (279, 
610) (287, 
330) (294, 
450) (302, 
605) (310, 
970) (318, 
409) (327, 
730) (336, 
418) (344, 
552) (351, 
591) (357, 
659) (366, 
561) (372, 
422) (379, 
795) (391, 
921) (401, 
674) (407, 
453) (414, 
538) (430, 
823) (438, 
691) (447, 
466) (457, 
833) (467, 
521) (475, 
588) (484, 
789) (491, 
940) (503, 
548) (509, 


788) (157, 
400) (164, 
700) (169, 
599) (177; 
645) (183, 
559) (191, 
260) (198, 
395) (204, 
551) (211, 
ADS OTT 
620) (228, 
574) (233, 
-752) (241, 
696) (248, 
487) (254, 
665) (264, 
622) (2714 
BAe 2 le 
501) (288, 
127). (297, 
332) (304, 
632) (311, 
502) (319, 
669) (328, 
781) (337, 
399) (347, 
427) (352, 
745) (358, 
390) (367, 
821) (374, 
894) (383, 
681) (394, 
840) (402, 
893) (410, 
923) (416, 
898) (431, 
879) (440, 
518) (451, 
837) (459, 
951) (468, 
519) (477, 
767) (485, 
881) (493, 
563) (504, 
875) (511, 
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586) (158, 
443) (165, 
255) (170, 
415) (178, 
595) (184, 
895) (192, 
312) (200, 
469) (206, 
918) (213, 
658) (218, 
463) (229, 
694) (236, 
495) (242, 
408) (249, 
424) (256, 
550) (265, 
611) (273, 
774) (282, 
685) (290, 
928) (298, 
807) (305, 
393) (313, 
498) (322, 
589) (329, 
354) (338, 
914) (348, 
732) (353, 
689) (359, 
761) (369, 
753) (375, 
452) (386, 
865) (396, 
742) (403, 
TAY (Ala. 
973) (417, 
729) (432, 
902) (441, 
510) (454, 
528) (461, 
755) (471, 
819) (479, 
608) (486, 
572) (494, 
722) (505, 
530) (514, 


936 
618 
306 
135 
T62 
612 
678 
646 
435 
326 
805 
420 
524 
567 
388 
437 
444 
540 
554 
864 
492 
858 
520 
662 
SLY 
385 
478 
880 
625 
D3 
749 
577 
476 
853 
676 
747 
657 
806 
673 
930 
845 
634 
SBzZ 
697 
748 


eee ses asses ees Les eas es as ies ieee esi es eee esi eee ieee aes es as es es eas as as a ae es a as wes Se a ss a eae eas es Se 


(sib, Gacy (old? 891) (22% 602) 45235: 688) (527, 565) 
(ool SOT) (ose 183) (o35y: 629) (541, 6301 4882., 72) 
(243). 829) (544). 911) (546, 955) (555, 692) :(557,. 833) 
(360, 855): (962, 782) (568; 793) (569, 635) (571, 939) 
(O71 3, 850) (O75; TISy(b 29, 901) (5825. 870) (583, 808) 
(585, 606) (587, 915) (594, 744) (596, 933) (597, 764) 
(599, 743) (601, 824) (602, 852) (604, 655) (609, 958) 
(613, 962) (614, 801) (616, 814) (617, 757) (619, 690) 
(6214. 965) (6277. 787) (628, 773) (631% 611) (633%, 913) 
(637, 666) (638, 847) (639, 862) (640, 702) (641, 828) 
(642, 738) (644, 740) (647, 967) (650, 816) (651, 917) 
(652, 668) (653, 720) (654, 734) (660, 760) (661, 932) 
(664, 791) (671, 777) (672, 716) (675, 677) (679, 929) 
(680, 687) (682, 966) (684, 735) (686, 695) (688, 976) 
(693, 980) (698, 956) (699, 854) (703, 938) (704, 786) 
C706, TAB PAIOT >: FILPATOO, -9S5) 4720, 89L 71S, 959) 
(7LOp 634) (719,912) (721, 810) (723,876). (725, 883) 
Ci26;. 826) 0728) 909) (731, 842) C736, 950) (737; 949) 
(739, 953) (741. 867) 1746, .878) (750, 924) (751, 863) 
(756, 831) (765, 884) (766, 963) (768, 960) (769, 937) 
CT SLO) CT icy SLOT io7 948) C776), (900) C779, Bla) 
(780). (B92) (785; (835 )(790,). 977) (792, 964) (794. -B77) 
(796, 969) (797, 804) (798, 889) (799, 908) (800, 882) 
(802, 925) (803, 873) (809, 874) (812, 927) (818, 838) 
(820, 848) (822, 856) (827, 947) (830, 978) (832, 843) 
(836, 945) (844, 971) (846, 906) (849, 871) (851, 896) 
(837, 886) (859, 972) (860; 890). (S61, 931) (866, 936) 
(868, 872) (869, 968) (885, 979) (899, 941) (903, 974) 
(904, 946) (905, 922) (926, 942) (934, 944) (961, 975) 

(1, 4) (2, 11) (3, 16) (5, 27) (6, 35) (7, 42) (8, 13) (9, 50) 
(10, 55) (12, 57) (14, 86) (15, 89) (17, 69) (18, 84) (19, 
eee ye Ao 2 oT Cee LOT) (ee L380 2a, TSaGt 2 oy 
44) (26, 712) (28,. 99) (29% 152) (30, 158) (31, 52) (32, 164) 
(33, 171) (34, 140) (36, 183) (38, 108) (39, 80) (40, 202) 
(41, 207) (43, 46) (45, 151) (47, 233) (48, 78) (49, 91) 
(Sl, 174) (53, 257) (54, 159) (56, 169) (58, 97) (59, 198) 
(60, 82) (61, 252) (62, 143) (63, 196) (64, 288):(65) 295) 
(66, 299) (67, 119) (68, 249) (70, 239) (71, 309) (73, 215) 
(74, 323) (76, 131) (77, 225) (79, 338) (81, 304) (83, 217) 
(85, 266) (87, 238) (88, 346) (90, 227) (92; 360) (93, 354) 
(94, 154) (95, 274) (96, 376) (98, 186) (100, 264) (101, 
386) /( 102) 210) 4103-166) (104,. 27Ly (105, 106) (109). 401) 
(LO ae Chey 406) (iA, AZO) (ELS, 192) (116; 4275 
(2st: B2O) CLlBS. Oly (1205. B85) 0RZ ly. 210) (125). 352) 
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BOT (1957 
£95). C32 
441) (138, 
221) (14a, 
287) (149, 
530) (157, 
349) (E70, 
418) (178, 
241) (184, 
442) (190, 
432) (197, 
421) (208, 
648) (214, 
673) (222, 
691) (232, 
589) (244, 
676) (250, 
593) (258, 
519) (265, 
499) (273, 
745) (280, 
597) (290, 
767) (300, 
502) (306, 
695) (313, 
641) (319, 
398) (328, 
812) (333, 
464) (340, 
375) (347, 
717) (353, 
624) (364, 
578) (371, 
437) (381, 
636) (389, 
705) (396, 
569) (407, 
876) (415, 
760) (426, 
893) (436, 
902) (447, 
458) (455, 
801) (467, 
687) (475, 
788) (485, 


451) (126, 
289) (133, 
165) (139, 
230) (145, 
236) (150, 
532) (160, 
259) (172, 
575) (179, 
545) (185, 
200) (191, 
544) (201, 
317) (209, 
633) (216, 
339) (224, 
654) (235, 
486) (245, 
537) (251, 
563) (260, 
620) (267, 
736) (275, 
377) (281, 
T2INAZ9?:; 
751) (301, 
672) (307, 
391) (314, 
709) (320, 
803) (329, 
479) (334, 
428) (341, 
524) (348, 
549) (356, 
653) (366, 
697) (373, 
540) (382, 
424) (390, 
400) (399, 
714) (408, 
546) (416, 
656) (430, 
611) (439, 
671) (448, 
891) (456, 
917) (468, 
860) (476; 
628) (487, 


457 
228 
LOG 
S50 
388 
450 
435 
580 
472 
412 
SLL 
268 
652 
682 
512 
704 
692 
724 
444 
710 
203 
397 
438 
598 
ASS 
488 
600 
+53 
576 
405 
564 
DLO 
409 
680 
503 
859 
560 
473 
596 
478 
616 
909 
815 
481 
594 
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La, 
134, 
141, 
146, 
153; 
162, 
LS, 
180, 
187, 
LoS 
203, 
All, 
218, 
226, 
ZOE 
246, 
254, 
261, 
269, 
ee ae 
203} 
296, 
S02, 
308, 
BLS, 
od Ly 
330, 
3:35; 
343, 
349, 
30 by 
368, 
374, 
SOS, 
o925 
402, 
410, 
417, 
A315 
440, 
449, 
462, 
469, 
480, 
490, 


204) (128, 
477) (135, 
223) (142, 
508) (147, 
OLB Vil o 7 
543) (167, 
234) (176, 
380) (181, 
Be 1p Chee, 
S87) (294, 
463) (205, 
cS a a ap 
493) (219, 
SO2Z) (2295 
696) (242, 
367) (247, 
626) (295, 
296) (262) 
895)( 270, 
743) (278, 
413) (284, 
aA 5) (29 1, 
538) 3034 
683) (310, 
618) (316, 
461) (324, 
OTS ook 
504) (336, 
808) (344, 
D719) (350, 
649) (361, 
523) (369; 
67/8) (318; 
851) (384, 
SO C3935 
598) (403, 
752) (411, 
835) (422, 
886) (433, 
794) (443, 
686) (452, 
912) (465, 
489) (470, 
661) (482, 
880) (491, 


459 
483 
Cv 
358 
163 
Hoe 
276 
282 
2n5 
240 
305 
S20 
666 
A471 
ora 
460 
SEL 
213 
294 
562 
495 
582 
359 
498 
787 
WOT 
809 
814 
554 
826 
590 
430 
ooo 
Tey 
534 
786 
425 
784 
172 
659 
906 
643 
634 
622 
701 
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(492, 926) (494, 923) (496, 561) (497, 905) (500, 574) 
(ols: OGL): (505, 623) (506 623) (507° SIS) (50905 754) 
(511, 864) (514, 667) (515, 726) (516, 699) (517, 547) 
(920 ¢-SOL) SZ h;: 528) (522;.° 739} (525, 862) .(526,--F47) 
(929, 619). (331, /665)(533,- 662) (535, 621) (536,. 716) 
(539, 781) (541, 925) (542, 629) (548, 841) (550, 854) 
(293,820) (996, 856) (507,. B05) (559, 730).(565, 949) 
(S66; 627) (567,843) (568; 655) (S70, 740) (572, 871) 
(ori, 168) (581, 830) (585, 955) (584, 698) (585, 818) 
(S386, 723) (988, -957).(591, 798) (592, 651) (S95, 755) 
(601, 756) (602, 879) (603, 838) (604, 842) (605, 844) 
(606, 953) (607, 703) (608, 882) (609, 668) (610, 827) 
(612, 658) (613, 918) (614, 741) (615, 664) (617, 778) 
(625, 811) (630, 834) (631, 969) (632, 715) (635, 689) 
(637, 970) (638, 670) (639, 693) (640, 706) (642, 934) 
(644, 732) (645, 869) (646, 720) (647, 773) (650, 875) 
(657, 845) (660, 927) (663, 885) (669, 764) (674, 951) 
(67:77 F65)-(679, 748) (O81, V¥25).(684, 796) (685,852) 
(688, 831)(690, F711) (694, 829): (700, 832) (702, 866) 
(JOT, 824) (708, SSL) C702, 176) (713 920) (718, 756) 
C1197 B80) (122; 911) C727. B99 (728; BEL) Ci 29, 738) 
(73l ye STS) CIS3, “S04) (734). 937) VIS 1, S14) CIA2,. 263) 
(744,943) (746,. B70) (749, 7T61):(757,. 936) (758, 922) 
(739 5- DEL) (162; 836) (763,. 827) (766,. 933) (769, 940) 
(770, 858) (Fil, 976). C714, 884) 0715, 846) (771, 978) 
(TTS, B21) (7802 898) (782, 939) C783, BSiay (785, B55) 
(7907 839) (791, 848) (7192; 865):(793; 961) (795,. 915) 
(799, 847) (800, 967) (802, 924) (806, 822) (807, 932) 
(810, S72):(813, 962) (816,.°819) (8L7,. 929):(825,. 960) 
(828, 942) (833, 881) (837, 889) (840, 888) (849, 921) 
(850, 945) (853, 958) (857, 944) (868, 946) (872, 952) 
(873, 956) (878, 974) (883, 910) (887, 938) (890, 907) 
(892, 963) (894, 966) (895, 904) (896, 948) (897, 971) 
(2009. 960) (301, 964) (903; 928) (900, 916) (913, -979) 
(9197, 968) (9305. °977) 19355. 959).( 947» 973) (950,954) 


Proof of Isomorphism 
Double coset enumeration as displayed in Figure 9.1 shows 
that the group defined by the symmetric presentation 


contains a homomorphic image of N = Ss to index at most 
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N N N N N 
cg, NOME: Go: otha | NI | N | 


| N | | Nig | | ne 1) | no 1 0) | | ne 1 0 2) | 
| N | | N | | N | | N | n 
l n° + 02) | | Nie 101 2) | | Ni 121 0) l | ne 10 2 0) | 
| N | | N | | N | | N | 
| n° 1 2) | | n° 12h | | ne 4.52°-3) | | n° 123 0 | 
| N | | N | | N | 
| ne Lng eB) | | Nie 12053) 2) | | Nig 120 3) | 
| N I | N | 
| Nie 12103 0) | | ne 12131 0) | 
120 120 120 120 120 120 120 120 
Sa a a en ahs oe es ee 
120 24 6 6 2 12 4 2 
120 120 4 120 % 120 x 120 4 120 ‘¢ 120 a 120 F 
2 2 
120 120 


= 1+ -5° + 20 4 20 4+ 50 + 10 +.30 + .-60° 4+ 60+ 60 + 60 + 60 + 
L200 120 +" 1204 120+ 30 + 24 
= 980. 
As a result, the index of N in G is at most 980. 
Therefore, the order of the image group G is at most 
980 ¢ IN| = 980 © 120 = 11760. 
Moreover, the action by right multiplication on the 980 
cosets is implicit in the enumeration, and we can verify 


that the image is the projective sigma linear group 
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PUL. (49). 

Furthermore, the order of G can be confirmed by regarding G 
as a permutation group on the 980 cosets that we have 
found. 

The action of x and y on the single cosets of N in G is 
given by: 


SE (25 So by (By APOE 10p ATy Bly 205 thy 2, ey, B52 13719; 
1.5, 26: 31, 1614, 26, 22. 39, B7)-(10, Say. SS) 62..- 35) 
(20;,°36,/ 63;. 67,37): (235... 41s 73h T6, 42) (24>. 435 TI. Bo, 
44) (29, 49, 90, 94, 50) (30, 51, 59, 97, 52) (32, 54, 100, 
103, 55) (33, 56, 104, 108, 57) (38, 68, 95, 122, 69) (40, 
71, 124, 127, 72) (45, 83, 78, 133, 84) (46, 85, 105, 144, 
86) (47, 87, 91, 138, 80) (48, 88, 147, 149, 89) (53, 98, 
64, 115,. 99) (60y. 81; 139; 176, 111) 461). 113s. 177). 162, 
TAS) 4655; B17, 187, 131, 75). (66). 118, 199% 194,219) 770; 
123). PAS, SS: LOTTA, 120. DOS... O19. "13905-0794. 135, 
218, 222, 136)(92; E51, 141, 226,. 152)193,, 153, 249; 
246, 154) (96, 157, 250, 253, 158) (101, 163, 238, 150, 
164) (102, 165, 137, 223, 166) (106, 170, 267, 269, 171) 
(105,,. “173% °272)-925;,. TAO} (110, 191, LOT, 259. 174 (14; 
182, 285, 289, 183) (116, 185, 291, 205, 186) (120, 195, 
190, 296, 196) (125, 201, 310, 314, 202) (126, 203, 209, 
317, 204) (128, 206, 318, 321, 207) (132, 214, 315, 303, 
215) (134, 216, 329, 333, 217)(142, 227, 155, 247, 228) 
(143, 229, 219, 335, 230) (146, 232, 330, 340, 233) (148, 
235, 239, 199, 236) (156, 248, 370, 373, 249) (160, 255, 
342, 274, 198) (161, 256, 286, 381, 257) (162, 258, 311, 
301, 192) (167, 263, 243, 283, 264) (168, 265, 392, 266, 
169s(172,.-270, “LTB, 2718s 071).(175. 275, 402, -A0d, VIG) 
(179, 280, 295, 188, 252) (180, 281, 410, 415, 282) (184, 
290, 382, 421, 288) (191, 298, 433, 436, 299) (193, 302, 
439, 360, 240) (200, 308, 423, 448, 309) (210, 262, 389, 
465, 323) (211, 324, 466, 470, 325) (213, 326, 339,221, 
327) (220, 337, 486, 489, 338) (224, 344, 496, 442, 304) 
(231, 351, 397, 480, 352) (234, 355, 254, 378, 346) (237, 
357, 349, 368, 358) (241, 361, 514, 516, 362) (244, 365, 
293, 428, 354) (245, 366, 520, 524, 367) (251, 375, 533, 
536, 376) (260, 385, 305, 443, 386)(261, 387, 548, 549, 
388) (268, 394, 556, 558, 395) (273, 400, 563, 449, 401) 
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(207, 409; S125 S1O- A006) (279; 408,°578, 429° 294) (284, 
4lty 92h, 892, 418): (287, 356, 509, 595,. 420) (292, 426, 
DLO, 264; 427) (2971 4231, 6037-007, 432)(300, 437, 555; 
393, 438) (306, 444, 396, 559, 445) (307, 446, 623, 593, 
ALG) AGI2, 450, 379,. 539, 451) (313, 452,. 629, 632, 453) 
(316, 456, 634, 469, 457) (319, 458, 544, 384, 459) (320, 
460, 348,. 502, 461) (322, 347, Sl, 564,..463) (328, 473; 
636, S127 309) (331, 216) “650, 650.477) (332, 270; 513; 
662, 479) (334, 482, 663, 667, 483) (336, 485, 669, 648, 
471) (341, 492, 659, 547, 493) (343, 495, 590, 618, 441) 
(345, 498, 454, 570, 499) (350, 503, 686, 566, 504) (353, 
S07; 664, 694, 508):(363,. S17, Olt 701, 518).¢369-. 526, 
Av otk, D2 1) 31-829, ILO, Sele S30) 3872;- 468, 487, 
S60; 209) (274, “531, 113, ia; S32) 37 Ty: 230, 602. S86, 
537) (380, 412, 434, 610, 540) (383, 542, 604, 612, 543) 
(290). Sol, Slap oO, SoZ) 43917 Bas, "Geos. B84, Ais) (398; 
A907; 670) -61i, 435) (399). S61,. 619, 7337: 562) (403% 568; 
137g 1A2, 369) (407 ¢> 51 Ty. 130, 622,, 575) (414, 585; 749; 
724, 246) (416, 5868, 753, 665, 589) (422,. 596, 467, 645, 
597) (424, 599, 500, 685, 545) (425, 600, 481, 649, 472) 
(440, 617, 774, 752, 587) (447, 624, 626, 538, 616) (455, 
608, 764, 784, 633) (462, 640, 630, 646, 641) (464, 642, 
192). 793; -643)-(474,--O091, -59l, T54,.. 652): (475 653; -601; 
758, 654) (484, 668, 687, 805, 666) (488, 639, 790, 817, 
673) (491, 674, 743, 574, 675) (494, 678, 683, 598, 571) 
(A074 BO Ls. B20, “807, (602) (505, 690,804, 732, 691). (506, 
092,/ 934, 015,;. 661) (910. 695). 627 ,. 689," 696) (511, 697; 
TiAl; TOS; 825). (515; 698, 583, F485 699) (522, 703%. 606; 
LOL, TOA) (o2a, 106; IZ, TAS¢ 979 ).1 5205 T0909 "627. “188, 
6/6). (os0y Jls7) OSly: IBS, ALG) (oad, F204. 156;-.7 62; 724) 
Voda: 680>.°55.02 7007. 2620) (5607 729). SS, 7635 “711 7) (565, 
1a, 107: B40; 736) (582, 603;,. 760). 6255. 747) (594 >. 146; 
B73, 875%. 755)(609,. 166, 692, ‘8955 767) (613, -77Ly. B88; 
B64, TPIAZK(OL4a>. 11S, B98, B19; - TOL) (62150 IT 7, B21,.-815, 
672) (628, 780, 904, 894, 781) (635, 786, 739, 837, 787) 
(630. 769, 896, 91, 789).(644,.-796,. 916,.°918,' 797 )4647, 
800, 907; 920; 801) (050, 802, 921, 880, 803) (657, 808, 
679, 819, 809) (660, S11, B14, °845,. G12) (671, 7/9, 903; 
930, -814) (684, 824,~922, 806; 140) (688: 825; -B51l). 722, 
B26) (O9 3, 8287. 912, 791, 8299702, 834, 799; S19,.-835) 
(708, S41). 725,853, 830) (712, 842,770, 897, 843) (718, 
Bale B40, 892; 23) (719, 848) 932, 823,827) (726; 831, 
8367850, 854) (128,. 855, 730, 865; 856) (7315.-858,- 906, 
762, 839).(734, 860,. 793; 914,:. 861) (741,. 868, 950, 949, 
863) (744, 870, 844, 887, 871) (750, 878, 956, 955, 876) 
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(157, 884;:-881, 95h, 869) (759,--885; 813, 928, S86).(7 65; 
833, 994, 913, 891) (768; 3857, 941, 952, 893) (775, 800; 

964, GLO, 194). (776, 901,862, ‘839, 8321778; 899,872; 

954° 902)-(71 85; “866, 935; 9707 909) (798, 883, °958, 933, 

917) (810, 925, 849, 943, 926) (816, 924, 974, 977, 929) 

(818, 877, 846, 939, 923) (822, 867, 946, 966, 905) (882, 
890,- 961; 973,957) (889. 910> 971, 938): 953) 4908, 968, 

936; “959, 969) (931,. 937, 948, 905,918) (942 972, 975; 

947, 980):(944, 979,962, 976, 960) 


(Ss° 9) (67-9) (105. 18) (12; 22)-C1S,. Lett. 27) 1S. 39) (23, 


9 

40):(25, 39) (26, .28) (29, 32):(30, 47): (34, 59) (35,50): (36, 
64) (41, 63) (43, 78) (44, 80) (45, 70) (46, 48) (49, 91) (51, 
95)-(o4,. 58) (55, 84) (56; LOS) (57% 107): (60, 110) 461, 93) 
(65% 116): (67, -115)-(68,. 100).(69,. 89) 471,. 73) (72; 99).(74, 
ELA ATI pp Soyo; 134).(8L, 137) (82, 122) (83. 104) 187, 
145) (88, 90) (92, 150) (94, 144) (96, 156) (97, 159) (98, 
124) (101, 109) (102, 142) (103, 149) (106, 169) (111, 171) 


CUTS LI OIDs LOONCTLS). 292) (l20). eas 121. Lae yt les, 
LAT} (L259, 928) (126, 162) (129, 209): (130,202). (133, 138) 
(135): 229) (139, 173) (140,--198)-(141,. 168): (146, 231) 415i, 
239) (152, -164).(153,.. 243) (154, -230) (155... 170) (1S?) 177) 
(198,233) (160, 254) (161, 200) (163,;. 259):(165, 228) (166, 
236) (167, 237) (1747 274) (175, 268). (176, 226) (179, 279) 
(181) 283) (182, 286) (1.837 286) (1 85o% 187) (186, 291) (189, 
200) (191, 297)-(193,- 300) (194, 303) (195), 285):(196,. 207) 
CLOT; - 259) (199, 234) (201, 311)(203,. 315) (206,. 208): (210, 
s22)42b1y SUS) (214,318) (215, 309) (216, 330) (217). 272) 
(218,..248) (220, 336)-(222, 340):(223, 342) (224, 273)(225, 
266) (227, 346) (229,- 349) (232, 242) (235,. 269) (238, 355) 
(240, 359) (241, 261) (244, 364) (245, 350) (246, 368) (247, 
ZAZ\AZA9; ~ 264). (250;: - 351) (25h, 291 A252 ¢ 354) 4258 382) 
(260;, 364) (262,.- 346) (263,. 329) (265; 267) (270; S97A275, 
319): (276; S62) (278% 335):( 281, 411) (2825: 413): (264. 416) 
(287, 419) (290, 423) (292, 294) (293, 425) (295, 427) (296, 
301) (298, 434) (302, 344) (304, 441) (305, 361) (306, 320) 
CoO S79). (S08, 210) (S12. Aao). (aia, Sel) (316, “AsSI(317; 
421) (321, 448) (323, 420) (324, 467) (326, 408) (327, 472) 
(o20y. 447) (331). 475) (332, 399) (333; 480) (334, 8714337, 
487) (338, 477) (339, 428) (341, 491) (343, 494) (345, 393) 
(O47 » BOO) 1352) Soy So5% 363) (3567) S96) (357) B70) 1360, 
B68) (366,. S21) (361). 523) 4369). 325 )(3 72, 391) (374. 505) 
tb 78g 934) (376; 330)4578. 392) R383 S41) 14385, 545) (S86, 
401) (387, 454) (389, 402) (390, 474) (394, 557) (395, 512) 
(398, 560) (400, 564) (403, 515) (404, 570) (405, 573) (406, 
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575) (407, 484) (410, 490) (412, 582) (414, 583) (415, 586) 
(417, 572) (418, 532) (424, 598) (426, 481) (430, 601) (431, 
604) (432, 597) (433, 608) (436, 612) (437, 558) (438, 445) 
(439, 443) (440, 497) (442, 593) (444, 620) (446, 548) (450, 
626) (451, 459) (452, 630) (453, 540) (456, 466) (457, 543) 
(458, 636) (460, 499) (461, 616) (462, 625) (463, 618) (464, 
594) (465, 539) (468, 602) (470, 646) (471, 579) (473, 495) 
(476, 656) (478, 659) (479, 661) (482, 664) (483, 666) (485, 
670) (486, 653) (488, 672) (492, 663) (493, 676) (496, 559) 
(298-683) (S01, 256):(502, 590).(503; 687) (504, 562) (506, 
SLT) (S07, BES) (S08; 691) (509, 514) (510, 528)(516, 700) 
(Sip G27) (OLe,: S39) O19, 600) (5207 S51) CazZ, 702) (S24, 
SI AY (3267-669) (S27 ~ 654) (S29 Tia) (53d 59533) (5355-712) 
(536, 694) (537,- 717) (638, -554)\(542,. 629) (544,. 571) (546, 
1aay (O47 - 966) (549,624) (550,. 567): (552, 696).(5535° 727) 
(999; 399) (S61, 130) (5637 680) (S65, 734)(568, 736) (569, 
Te) (OFG,- POLS COT ST OLY (eye. GAO) ae0,. 745) (Sei > “5 84) 
(SBS GL) (O87 Tol) (5867. 637) (592). FSS) (995) (685) (506, 
726): (603, -640))(605, 632):(606;, 7157) 4607,. 762) (609, 765) 
(610, 645) (611, 658) (613, 770) (614, 728) (615, 622) (619, 
690) (621, 776) (623; .678).(628,; 638) (631, 719) (633, 641) 
(634, 720) (635, 644) (639, 684) (642, 793) (643, 781) (647, 
199) (650, 679) (652, 804) (652, 675) (655,.-729) {657 >. 807) 
(660, 610) (662,, 665) (667, 754).(668): 677) (671; G03) (673; 
814) (674, 713) (681, 821) (682, 736) (686, 695) (688, 766) 
(689, 7132) (692, 743) 1693, 7196) (697., 753) (698; $30) (699; 
832) (/03,. 836) (704,826) (705; 805) (706, 838) (707, 780) 
(708, 806) (709, 710) (714, 788) (715, 844) (716, 829) (718, 
S46) Ciel p FEO) CiZ2, TZ) C¥24y 789) (725. TI 9L I 26, 186) 
(iol pp BPA UES oy. 862) (IS 169) (139%. B66) Ci4l, B67) "742, 
795) (744, 833) (746, 872) (747, 764) (748, 875) (749, 840) 
(190. TTS) Ci Se, S80) C755, S52) (758, 163) 1759. 791) (7 6L, 
688) (767, 893) 768, 198) (7 i1y B92) 7125 882) C173, 847) 
(774, 853) (777, 873) (778, 818) (783, 907) (785, 849) (787, 
SOL) (790; 792) (794, 905) (797, SLIT (800; 916) (801, 909) 
(802, 896) (808, 923) (809, 860) (811, 912) (812, 859) (813, 
883) (815, 879) (816, 929) (817, 819) (820, 899) (822, 931) 
(623, 664) (24 COel E20, 851 (8275. 869) 4828 DLS) (esl, 
933) (834, 906) (835, 871) (839, 865) (841, 902) (842, 886) 
(843, 854) (845, 932) (848, 941) (850, 887) (851, 925) (855, 
G21) (O56, Sol) (66>. 918) (865, 915): (868, 878) (870, 952) 
(874, 890) (876, 955) (877, 922) (881, 943) (884, 958) (885, 
926) (889, 960) (894, 954) (895, 928) (897, 935) (900, 965) 
(901, 930). (903, 904)(908,. 967) (910,. 962).(911, 939) (914, 
940) COTO, OFS) 4920, 9Slj\ (924) 846) (927). O72) (934, 96]) 
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(936, 953) (937, 949) (938, 945) (942, 979) (944, 975) (946, 
974) (947, 968) (950, 966) (956, 978) (957, 970) (959, 971) 
(963, 976) (964, 977) (969, 980). 
As a result, the action of x and y on {to, ti, te, 3, ta} is 
given by: 
Kio (Cry, Uap Egy “Gays To} 
y: (Ea t2) . 


We note that the order of the product xy equals 4, and so 


N = <x, yo = Ss. 
The action of the symmetric generator ty on the single 


cosets of N in G is given by: 


to = (1, 2) (3, 6) (4, 7) (5, 9) (8, 14) (10, 19) (11, 20) (12, 23) 
(L3,- 24) (0S, 29) (16; SO) (It, 32) (18, s3apq2l, 38) 122, 
40) (25, 45) (26, 46) (27, 47) (28, 48) (31, 53) (34, 60) 
(30, “61d: (36) Go)(aly 66) (39, FO). (41). 74) (Ale 75).(43; 
To )(445. SL) 4A9,- 92) (50,. 9S )Col, 96). (52, 62) 454,.. L004 
(95% LOZ) 456, 106) Cate 68) (58, LOS) (59, 110):463,. 214) 
(64, LEG) (OT, 120) (69, 1249 (7 hy AZS) Cis L126) C735. 128) 
(76, 132) (77, 85) (78, 134) (80, 137) (82, 140) (83, 141) 
(84, 142) (86, 143) (87, 146) (88, 133) (89, 148) (90, 138) 
(Ly 150) (94). 155) (9b, 156) (97>. 160) (98, 161): 99,:<te2) 
(100, TO7) (103, 167) (104, 168) (105;,. 169) (108, 172) 
Cli AS) le ay Cy ~~) (Sy ea yy 2o8) 
(Lis; Lot) Cie, 193)-0122) 198). (123; 199) (124, 200) 
Ci; 20a) (E28). 210 e CI S05. 28) Cle t ya Z213). too, 220) 
(136,..221).(139;, 224) (144, 170).(145,. 231) (447, 234) 
(149, 237) (151, 240) (152, 241) (153, 244) (154, 245) 
(157, 2Zoly (58; 252) C159, 254) (1.637. 260) (164,261) 
(L6Sy 262) (166, 226) tL iby 2o8 (173, 273) 74) 26r) 
(276. 236) (UT 207) 17185. 2979) (lel 284) 41625 287) 
(1635-214) (135;,. 292) (186, 293) (187,294): (189, 256) 
(190 ~ 2OF) CEES, S00) C94. 304) (95,9: 305) (196,. 306) 
CIS Te SOL A201, S12)(202, -313)4 2037 316) (204; 212) 
L206, SLOP (Z0 7s S20) A206, 2IaII209, S2Z)(21 54 328) 
(2.16; 331) (Zia, 332) (218, 334): (219; 336), (2225. 341) 
(2255 SUSy A223, 349) C221, BAd) (228) 348) (229, S27) 
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350) (232, 
359) (242, 
372) (250, 
383) (259, 
393) (269, 
403) (278, 
416) (285, 
424) (291, 
435) (301, 
449) (314, 
464) (324, 
475) (333, 
490) (340, 
472) (351, 
513) (362, 
525) (370, 
538) (381, 
507) (389, 
565) (401, 
492) (408, 
587) (417, 
598) (426, 
609) (436, 
619) (443, 
627) (451, 
637) (459, 
644) (467, 
543) (478, 
671) (486, 
680) (498, 
689) (508, 
674) (519, 
573) (526, 
683) (532, 
722) (544, 
726) (558, 
734) (568, 
729) (580, 
636) (589, 
633) (597, 
765) (610, 
776) (623, 
785) (640, 
799) (648, 
806) (656, 


350) (( 2353 
363). (243, 
374) (253, 
384) (263, 
396) (270, 
407) (280, 
361) (286, 
425) (295; 
SLO} (302, 
454) (315, 
468) (325, 
48.1) (335, 
491) (342, 
505) (352, 
SLB) {3605 
S20) (3.13 
SET) L382, 
SOC) 43925 
566) (402, 
Soy alu, 
590) (418, 
480) (427, 
613) (es75 
461) (444, 
628) (452, 
638) (460, 
602) (470, 
660) (479, 
642) (487, 
533) (499, 
O95) (oLZ; 
584) (520, 
LOT) S27; 
STD ASS 1, 
270) (545, 
128) (959, 
Poy C369, 
746) (581, 
TES) (Soa, 
Paty (603; 
768) (611, 
7178) (624, 
791) (641, 
784) (649, 
807) (658, 


304) (235, 
364) (246, 
Sly C25 ay 
390) (264, 
Soe) (270 
409) (281, 
419) (288, 
430) (296, 
440) (303, 
455) (317, 
AGS) (326, 
484) (337, 
494) (344, 
306) (3579 
489) (366, 
429) (375, 
541) (385, 
954) (395, 
567) (404, 
428) (411, 
591) (420, 
601) (431, 
614) (438, 
621) (445, 
553) (453, 
639) (463, 
647) (473, 
536) (482, 
672) (493, 
684) (502, 
548) (514, 
695) (o21y 
708) (529, 
718) (539; 
FZSIAISGy 
36a): (S61, 
741) (575, 
600) (585, 
109) (S593, 
759) (604, 
769) (612; 
779) (629, 
756) (643, 
65:5) (651; 
TOL) LOSSY 
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356) (238, 
369) (248, 
SIS) (257; 
391){(265, 
SID ALT Ly 
42) (282, 
318) (289, 
308) (298; 
441) (309, 
394).(321, 
471) (329, 
488) (338, 
497) (346, 
DLO) 4355; 
922) (367, 
994) (376, 
546) (386, 
446) (397, 
SEL) (405, 
582) (413, 
594) (421, 
605) (432, 
615) (439, 
622) (448, 
631) (456, 
509) (465, 
650) (476, 
665) (483, 
677) (495, 
S72) (5034 
618) {oL7, 
102) (523; 
711) (530, 
555) (540, 
Pea) (Oo Ls 
7131) (962, 
663): (5716, 
750) (586, 
690) (595, 
632). (607, 
770) (617, 
782) (630, 
794) (645, 
803) (693; 
810) (661, 


Now, 
PxoL2 (49). 
Looking at 


¢ otztitotatito) 
0 


t (tototytotyt to ) 
zk 


t, 


+ Motatrtotetito) 
3 


‘a (totet, tot,t, ty) 
4 


(totgtytotytyty) _ 


664) (666, 
803) (673, 
823) (687, 
772) (698, 
724) (705, 
TIT) AID; 
857) (735, 
861) (743, 
877) (752, 
762) (760, 
797) (773, 
910) (788, 
856) (800, 
929) (815, 
916) (825, 
936) (838, 
938) (844, 
896) (854, 
948) (862, 
904) (880, 
960) (891, 
906) (900, 
972) (914, 
974) (925, 
966) (956, 
970). 


our first relation we can see 


ta 


t3. 


700) (667, 
B16). (67S, 
766) (691, 
Ss) (eos, 
804) (706, 
S45) C717, 
863) (736, 
869) (745, 
BBd) (793% 
887) (761, 
868) (774, 
909) (789, 
898) (808, 
pC ORS Wales et ae 
836) (829, 
865) (840, 
S73) (841, 
GES) (BI8y 
915).(8 70, 
943) (884, 
962): (8924 
929). 902, 
OTS) (91S, 
OTSA Ie. y 
PTA OT # 


813) (668, 
685) (678, 
196) (692, 
S10) 6701, 
BSS) C710, 
846) (720, 
864) (738, 
872) (747, 
882) (754, 
889) (764, 
Sg) tie ly 
O20): 7 20, 
= playa ese hod 
832) (820, 
932). (830; 
922) (841, 
878) (848, 
946) (858, 
926) (871; 
959) (885, 
PLY ACIS; 
249) (207; 
968), (919, 
976) (934, 
980) (958, 
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676 
818 
827 
833 
133 
849 
866 
874 
883 
890 
905 
828 
924 
Spee) 
933 


a3 


942 
947 
953 
952 
954 
967 
940 
951 
OT. 


2 
) ( 
yt 
) ( 
) ( 
) ( 
ee 
rd 
ye 
yak 
) ( 
) 
pe 
me 
) ( 
) ( 
eat 
ai 
) ( 
) ( 
) ( 
yA 
) ( 
ie 
) ( 


that 


669; 
681, 
696, 
103% 
714, 
Ze 
740, 
748, 
Too, 
767, 
TOD 5 
Pay 
oly 
S21, 
834, 
842, 
651, 
859, 
S73 
886, 
SOD, 
O11 
920; 
941, 
964, 


we need to verify that our relations hold true in 


Thus, totgtitotetity acts as the permutation 


the symmetric generators, that is 


=> totiteto = 


totatitotaztito = (1 0 2) (3 4) 


(1 2 0) (3 4) toteti. 


C1 Os 2) (3-45 


Therefore, our first relation holds true in PxL2(49). 


Now, looking at our second relation we can see that 


+ (tata totatsteta to) 
0 


¢,Eatitotatstaty to) 
1 


t (tot, totyt3tot, ty) 
2 


3 


t{ratatotatatatito ) 


= to 


ts 


ta 


to 


ti. 


Thus, toatitotat3tetito acts as the permutation 


the symmetric generators, that is 


=> totitet3 = 


Cotytotat3tatity = (0 3 1 4 2) 


(0 3 1 4 2)tatitot,. 


(0 3 1 4 2) 


Therefore, our second relation holds true in PdI2(49). 


Now, looking at our third relation we can see that 


2 
en = 00 
2 
2 
{ato = te 
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on 


on 


2 
t, = C3 


te; Sis 
Thus; (egee)* acts as the identity on the symmetric 
generators, that is 
(tito)? = Id 
=> tCotitoti = titotito. 
Therefore, our third relation holds true in P2L2(49). 
The group P&L2(49) is generated by x, y and to, and the 
relations hold peue in PzrL2(49). As a result, P2L2(49) is 
an image of G, therefore 
[G| 2 |PzL2(49)| = 117600. 
But from previous we know that |G| < 117600, and so 
IG] Ss 117600 = |PxL2(49)| < G, 


which proves the isomorphism. Hence, G = PzL2(49). 


aa es) 
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Ug(S)> G2 
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N7:=Stabilizer(N,7); 
N71:=Stabilizer(N7,1); 

for g in N do if 7*%g eq 1 and 1%g eq 7 
N71:=sub<N|N71,g>; end if; end for; 
N712:=Stabilizer(N71,2); 

for g in N do if 7*%g eq 1 and 1*g eq 7 
N712:=sub<N|N712,9g>; 

end if; end for; 

for g in N do if 7%g eq 2 and 1%g eq 5 
N712:=sub<N|(|N712,9>; 

end if; end for; 
N713:=Stabilizer(N71,3); 

for g in N do if 7%g eq 3 and 1%g eq 1 
N713:=sub<N|N713,9>; 

end if; end for; 
N7123:=Stabilizer(N712,3); 

for g in N do if 7*%g eq 1 and 1%g eq 5 
3%g eq 6 then N7123:=sub<N|N7123,g>; 
end if; end for; 
N7124:=Stabilizer(N712,4); 

for g in N do if 7*%g eq 7 and 1%g eq 5 
4*g eq 3 then N7124:=sub<N|N7124,g>; 
end if; end for; 

for g in N do if 7*g eq 1 and 1%g eq 3 
4*g eq 2 then N7124:=sub<N|N7124,g>; 
end if; end for; 
N71246:=Stabilizer(N7124,6); 

for g in N do if 

7°g eq 2 and 1*g eq 7 and 2%g eq 1 and 
6*g eq 4 then N71246:=sub<N|N71246,g>; 
print Order (N71246) ; 
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then 


and 


and 


and 


and 


and 


and 


4*g 
end 


2°g eq 2 then 


2°g eq 1 then 


3%g eq 7 then 


2*°g eq 7 and 


2°g eq 2 and 


2“g eq 5 and 


eq 3 and 
if; end for; 


APPENDIX B 


L2 (41) 
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and 6 denotes ~) 


5 denotes 0, 


(Note: 


fs a es es OS eS SS Se Se Se eS OS OD Oe ke DP VS Oo WY 


OANMTNO WOM DWAHDOHAANMNTMOUOP AVADOANMNTNOUOMADAHDOANM TNO OM © 
vraag TIT TFT TF ONONMNONMNMONMNNONNMNVMOW VM OW WW WO MO PP 
—_ —_ — —_ m— m™ 
Ww) Ww uw) Ww Ww uw 
aT it io oT —_ — — —_ 
—_ — ~ ~ x x x ~ 
oOmodATrTO NON FAATOTOHAATON UO AN AMIFMNU DA AN A 
Ke) Ww 
aoe 4 a a. ad 
78s09 & ~ONNYNNMNOMMNNANHYATAMNMNANOWUHANTYNONNFAO DSM 
ao dA PON TMs 
3 ee ee ee ee ee ee ee ee 
DQANMIFNOUORAHRDOANMTYNOFRADHOHANMYNWUFR AD 
AAT AANNANNNNANNANNOMOMMOMMAMMNMMYAM NY 


TeqeT ANMNYFNOrFONDAAAAS 
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[ee a ee ee ee ee ee a a ee a a ee a 


[ee ee ne a ee a Ce a OS Se OS Oe 
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~~ &% % RN NSN eR Ne Ye Re Re Re NN 


Ce ee a ee es a ee ee as Se OS a SO Ok a nr SS 


oa) N oO To) 9) To) Lo s roe) N N N st ae) In O 4 LO 
= Se a et er ar ee ae a 

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~~ oo ~ ~~ * & ~ 
ATMO TAMNNANAMMNMNNANAMNTMOHATNANMNAMNOTDONMNANNMOANUNHAMA™ & 
~~ *&* &% ®% SN NH SH BN BR BS HS ~~ s&s & &e => & ~_ yS OY OO OOUMSELUMNUUDM ~~ > & & & => S&S ~*~ & &e *& Se SS ee NeOULUMNeLULUNULUNULUMNULUM 
AUTANTANTAMNNATOUNWOUHSIAAMNANANMNATNOAMAANMNHHNTMNNN © 
s = & & = NM ~~ s&s & & &* &% NH & Re ee &— ~~ — &e = Re ~~ ss SS SN & & Be BH BH BH SB & BH NH DH DB ~~ m= &N NN NN 
TTAOANMMATANTMONVUOHNONMATOHANNONVMVAATHAANNWDAMOWMWUWUOH TNA 
a i ee en on ee en a ee a or en har | 
DOANMNTNOFAHDOANMANUFPADHDDOANMNTNOFRAHDOANMTNORADRHDOANM 
OFOEFKEFKEFKFKFKrFRrFrDDDDDDADDADANANDARAADAHDDCDOCCCDOODC0C0O AHH A 
ADP AP A AAA AA AAA AA AA AAA AAA AAA AAA AANNANNANNANNANNANAN ANG 


229 


Ue ee ec cs ee cn ce ec ree ee ee re ce ee ee nee ene re es cs De re ee ee ee ee es Be see ee | 
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APPENDIX C 


NON-SYMMETRICALLY GENERATED GROUPS 
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(1) 

N5:=Stabilizer(N,5); 
N51:=Stabilizer(N5,1); 

for g in N do if 5*%g eq 1 and 1%g eg 
N51:=sub<N|N51, g>; end if; end for; 
N512:=Stabilizer(N51,2); 

for g in N do if 5*g eq 2 and 1%g eq 


5 then 


1 and 2%g eq 5 


then N512:=sub<N|N512,g>; end if; end for; 
N5123:=Stabilizer(N512,3); 

for g in N do if 5*g eq 2 and 1%g eq 1 and 2%g eq 5 and 
3¢g eq 3 then N5123:=sub<N|N5123,g>; end if; end for; 
for g in N do if 5%g eq 5 and 1%g eq 3 and 2%g eq 2 and 
3¢g eq 1 then N5123:=sub<N|N5123,g>; end if; end for; 
for g in N do if 5%g eq 2 and 1%g eq 3 and 2%g eq 5 and 
3%g eq 1 then N5123:=sub<N|N5123,g>; end if; end for; 


N51234:=Stabilizer(N5123,4); 

for g in N do if 5*%g eq 1 and 1%g eq 2 and 2%g eg 3 and 
3¢g eq 4 and 4%g eq 5 then N51234:=sub<N|N51234,g9>; 

end if; end for; 

print Order (N51234); 
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(2) 

N5:=Stabilizer(N,5); 

N51:=Stabilizer(N5,1); 

for g in N do if 5%g eq 1 and 1%g eq 5 then 
N51:=sub<N|N51,g>; end if; end for; 
N512:=Stabilizer(N51,2); 

for g in N do if 5*%g eq 1 and 1%g eq 5 and 2%g eq 2 then 
N512:=sub<N|N512,g>; end if; end for; 

for g in N do if 5*g eq 2 and 1%g eq 1 and 2%g eq 5 then 
N512:=sub<N|N512,g>; end if; end for; 
N5123:=Stabilizer(N512,3); . 

for g in N do if 5“g eq 2 and 1%g eq 1 and 2%g eq 5 and 
3¢g eq 3 then N5123:=sub<N|N5123,g>; end if; end for; 
for g in N do if 5*g eq 1 and 1*%g eq 5 and 2%g eq 2 and 
3“g eq 3 then N5123:=sub<N|N5123,g>; end if; end for; 
for g in N do if 5*g eq 3 and 1%g eg 2 arid 2%g eq 1 and 
3%g eq 5 then N5123:=sub<N|N5123,g>; end if; end for; 
N51234:=Stabilizer (N5123,4); 

for g in N do if 5°g eq 1 and 1%g eq 2 and 2%g eq 5 and 
3%g eq 4 and 4%g eq 3 : 

then N51234:=sub<N|N51234,g>; end if; 
print Order (N51234); 

2-0) 


end for; 
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PXL2 (49) 
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(1) 

Ss Oto baer ages roe gee ro a 
SS:=S4N; 
SSS:=Setseq(SS); 
for iin [1..120] 
for g ar H, ado. 2f 


do 


1 Gree anon Gree a) igs os Ges > abe kama 

GtE (tO (x (Rep (Sse (ili thi} 7 
SECC (x (Rep (SSS. (2) ) [21 9-) 
*£(t* (x* (Rep (SSS[i]) (3])) 
*f(t* (x* (Rep (SSS[1]) [4])) 
*£(t%* (x* (Rep (SSS[i]) [5])) 
eE (CCE (Rep(Sso[2))-P6])) 
AL(CO (x (Rep (SSS[i])[7])) 

then print SSS[i]; 

end if; end for; end for; 
(2) 

Si= Lov tiper be oly ole 

SS:=S°N; 

SSS:=Setseq(SS) ; 

for i in [1..120] do 

for g a Hy ao LE 

nei Gre) ae Ge ak Cs oe ae Gave maa 

g*i(t*(a (Rep (S88 [2] ) 117) )) 
*£(t*(x* (Rep (SS8[1]). [2] ))) 
*E(t” (a (Rep (Sss [11 ).[31))) 
FECES CK (Rep (SsSipi})p4])y,) 
*E CO (x (Rep (Sss-(11:)05))) 4 
FECL (SR Rept soe [2] Pel) 4 
*E(t” (x®* (Rep(SSS[1i)]) 174))) 

then print SSS[i]; 

end if; end for; end for; 
(3) 

Note: 5 denotes 0 

cd) 

al ee 

vo} mo 

QQ) an 

B| -d O 

HH) no 

1 [(N] 

2° £5. J 

& Poke J) 

4 [4] 


AAnNDW 
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